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Abstract. We consider the reduced dynamics of a small quantum system in interaction
with a reservoir when the initial state is factorized. We present a rigorous derivation of a
GKLS master equation in the weak-coupling limit for a generic bath, which is not assumed
to have a bosonic or fermionic nature, and whose reference state is not necessarily thermal.
The crucial assumption is a reservoir state endowed with a mixing property: the n-point
connected correlation function of the interaction must be asymptotically bounded by the
product of two-point functions (clustering property).

1. Introduction

The reduced dynamics of a small quantum system in contact with a reser-
voir is generally described in terms of a master equation, engendering an
irreversible Markovian evolution. This description turns out to be extremely
accurate and is commonly used in the description of a vast number of diverse
physical situations. Excellent introductions to this subject can be found in
Refs. [1,2,13].

However, the evolution of the total system is unitary and is described by
a Schrodinger equation, whose reduction to the small system gives a com-
pletely positive dynamics, which in general is not Markovian and exhibits
memory effects. Therefore, a fundamental question is the following: under
which conditions does one obtain a master equation as a reduction of the
Schrodinger equation?

According to a widely accepted lore, the physical and mathematical as-
sumptions that are required in order to derive such an equation are three: i)
the reservoir is much larger than the system, ii) the coupling between them
is very weak, and iii) the initial conditions are in a factorized form (initial
statistical independence).
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Under these assumptions, the system has a negligible influence on the
reservoir and the global properties of the latter remain unaffected during the
evolution. In turns, this enables one to assume that the reservoir is in an
equilibrium state, e.g. in a thermal state.

Mathematically, one considers concurrently a weak coupling limit and
a long time limit (van Hove’s limit) of the reduced dynamics of the small
system. This limit turns out to be an irreversible Markovian dynamics: a
completely positive semigroup preserving the trace of the density matrix of
the small system. The generator of this semigroup is given in a Gorini-
Kossakowski-Lindblad-Sudarshan (GKLS) form [4[5].

The weak coupling limit and the derivation of the resulting irreversible
Markovian dynamics goes back to the work of Pauli, Weisskopf-Wigner and
van Hove [6,[7]. For a review see Refs. [8,[9]. In the mathematical literature
it was studied by Davies in two seminal papers [10,[I1], see also Ref. [12,2].

The purpose of this article is to give a rigorous derivation of a GKLS
master equation for a general reservoir: in particular the equilibrium state of
the reservoir is not necessarily thermal and the bath is not assumed to have a
bosonic/fermionic nature. We will show that these two common assumptions
can be disposed of. The crucial property the reservoir must satisfy is instead
a clustering property that, roughly speaking, implies that for large times the
n-point connected correlation function of the interaction is bounded by the
product of two-point functions where at least one of them is taken at two
nonconsecutive times (gap condition). See Definition

This behavior is in fact related to a mizing property of the bath, an
assumption that in Refs. [13,[14] was already argued—on physical ground—
to be crucial in the derivation of a master equation. This can be better
understood by looking at the standard case of a bosonic/fermionic bath in
a thermal equilibrium state. Indeed, in such a case the n-point correlation
function can be written exactly in terms of product of two-point functions
by means of the Wick theorem. Moreover, the gap condition holds since the
thermal state of a bosonic/fermionic bath is in fact strongly mizing, that is,
for any bath observables A, B and C, one gets

t_lgrnoo<AB(t)C> = (AC)(B), (1.1)
where B(t) is the evolution at time ¢ of the observable B and (---) is the
expectation with respect to the thermal state. See Ref. [15].

In this sense we can say that the clustering property is related to the
strongly mixing property; in fact it is a stronger requirement. Notice that
for a general reservoir no finite-rank interaction can satisfy the clustering
property. From a physical point of view this means that, in order to obtain
a Markovian dynamics, the interaction cannot be too localized: it has to
connect the system with an infinite number of states of the reservoir.



On the derivation of the GKLS equation

A final remark is in order. In Refs. [I3|[14] the question of a correlated
initial condition was also addressed, and it was argued that in that case too
a mixing property of the reservoir is sufficient to get a GKLS equation in
van Hove’s limit. It would be interesting to understand whether the strategy
of the proof used in this paper might also be applied to this more general
situation.

The paper is organized as follows. In Sec. [2.] we introduce some notation,
set up the general framework of van Hove’s limit, and introduce Nakajima-
Zwanzig’s projection operators and Davies’ spectral average. In Sec. we
review the abstract result on Banach spaces of Davies on the derivation of
the master equation for the reduced dynamics of a system in van Hove’s
limit (Lemma [I] and Theorem [I). In Sec. [4] we give an exact combinatorial
formula for each term of the Dyson series of the reduced evolution in the
coupling constant A, and provide a diagrammatic expansion of each n-point
correlation function (Theorem [2)). With this exact formula we can introduce
the clustering property, Definition [5] as a sufficient assumption to control
the convergence of the series. In Sec. we consider a class of quantum
systems that satisfy the assumptions of the abstract Theorem [I} and thus
yield a quantum dynamical semigroup in van Hove’s limit (Theorem . In
particular, in Proposition[I]we prove that the Dyson series is norm convergent
and in Proposition [2| we prove that each term of the series vanishes as A — 0.
Finally, the Appendix contains a technical Lemma needed in the proof of
Proposition

2. Framework and notation

We assume that the total system consists of a “large” reservoir R and a
“small” (sub)system S.

Let (9, Sk, 7) be the quantum dynamical system of the reservoir, namely,
9 is the algebra of the observables on R, t € R +— 7! is a weakly continu-
ous group of automorphism on 9, and Sg is an invariant faithful state; let
(HRg,m,Qg) be the canonical cyclic representation of 9 associated with Sg.
The two conditions

HpQr=0 and 7(r'(A)) = etrr(A)e ™R for all A e M (2.1)

uniquely determine a self-adjoint operator Hr on the Hilbert space Hp [16].
Let Hg be the finite-dimensional Hilbert space of the system S. The total
Hilbert space H can be expressed as the tensor product of the Hilbert spaces
of the reservoir Hg and of the system Hg, namely H = Hg ® Hg.
The Hamiltonian of the total system is given by

H=Hy+MHsg=HsQ1r+1s @ Hgr + \W RV, (2.2)
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where Hy = Hg®1r+15® Hp, is the free Hamiltonian of the total system, Hg
and W are self-adjoint operators on Hg, Hr and V are self-adjoint operators
on Hp, and A € R is the coupling constant. Moreover, we will always assume
that V is a bounded operator.

In order to describe the dynamics of the system at the level of density
operators we introduce the Banach spaces T (H), T(Hs) and T (Hpg) of the
trace class operators on H, Hg and Hpg, respectively, and the Liouvillian of
the total system

L= Lo+ \gr, (2.3)

where

Lo=Ls+ LR (2.4)

is the free Liouvillian, describing the free uncoupled evolutions of the system
(Ls) and of the reservoir (Lg). The domain of the Liouvillian £ is given
by all p € T(H) such that pD(H) C D(H), where D(H) is the domain of
the Hamiltonian H, and the action of the Liouvillian is Lp = Lop + ALsRrp,
where

Lop=[Ho,p] and  Lspp=[W @V, ). (2.5)

We define also the following operators
Lgo:=[Hg,o0] and Lpw:=[Hpg,w]

for all o € T(Hg) and w € T(Hpr) such that wD(Hr) C D(Hpg), where
D(HR) is the domain of the Hamiltonian Hp.
The evolution of the total system is given by a group of isometries on
T(H):
po — p(t) — e—ithoeitH _ e_itﬁp(]. (26)

The state of the system o(t) at time ¢ is given by

o(t) = trr(p(t)) (2.7)

where trp : T(H) — T (Hs) is the partial trace over the reservoir degrees of
freedom. In general, unlike p(¢), o(¢) is not unitarily equivalent to o(0) = oy,
and the system undergoes dissipation and/or decoherence. We are interested
in the reduced dynamics of the system S, o(t) given by .

Moreover, in general, due to memory effects, the reduced dynamics is not
given by a semigroup and does not satisfy a master equation. However, under
suitable assumptions, one can obtain a quantum dynamical semigroup as a
limit of the above evolution. The remarkable idea, proposed by van Hove in
1955 [7], is to consider a weaker and weaker interaction acting for a longer
and longer time, that is the limit

A — 0, keeping 7=\ (finite. (2.8)
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One then looks at the reduced evolution (in the interaction picture) as a
function of the rescaled (macroscopic) time 7. This is called van Hove’s “\?¢”
limit and provides a rigorous justification of the Fermi “golden” rule [17] and
of the Weisskopf-Wigner approximation in quantum mechanics [6].

The procedure is the following. Let Pq, be the rank-one projection as-
sociated with the cyclic vector Qr € Hp in (2.1). Then, wr = Po, € T(HR)
is the reference state of the reservoir. Consider a factorized initial condition
of the form

po = 00 ® W, (2.9)
where og € T(Hg) is an arbitrary initial state of the system, i.e. o9 > 0,
tr(og) = 1. Notice that the stationarity in with respect to the reservoir

free dynamics reads
Lrwr = 0. (2.10)

Our aim is to prove that, under suitable assumptions, van Hove’s limit
or(t) = )1\13}) eixzEs trp (efix%([’OJr)‘ESR)(ao ® wR)> (2.11)

exists for all og € T(Hg) and for all 7 > 0, and that o(7) is the solution of
a master equation
d

.01(1) = —Koi(r),  01(0) = 0o, (2.12)

where K is a GKLS generator acting on the (finite-dimensional) Banach space
T(Hs).

A useful tool will be Nakajima-Zwanzig’s projection operators [18,[19]/8]
Pp:tI'R(,O)@LdR:O'@LUR, QZl_Pv (213)

where p € T(H) and o € T(Hg). Note that, from the normalization con-
dition trg(wg) = 1, it follows that P? = P, Q®> = Q and PQ = QP = 0.
Therefore, P is the projection onto the space PT (H), whose elements have
the form o ® wr. Thus, PT(H) is a finite-dimensional subspace of T (H)
isometrically isomorphic to T (Hs).

We immediately get that

[P, Ls] =[Q,Ls] =0, e ErRPp = pe~itr — P, (2.14)

The first equation is a consequence of the fact that Lg and P essentially
operate in different spaces, while the second derives from and from the
characteristic structure of the Liouvillians, tr(£p) = 0 (a direct consequence
of probability conservation). In addition, we require that

PLspP =0, (2.15)
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which, for a nonconstant W, is equivalent to the condition
tr(Vwgr) = 0. (2.16)

By making use of (2.14]) and ([2.15)), the total Liouvillian can be formally
decomposed as

L=PLsP+ QLRQ + I \NQLsrQ + NPLsrQ + NQLsrP. (2.17)

Therefore, the free evolutions generated by Lg and Lg leave invariant the
two subspaces Ran P and Ran @), and all transitions are driven by the inter-
action Lgg.

Finally, let us introduce a device that will be useful later. Let us consider
the spectral decomposition of the Hamiltonian Hg of the system S:

Hg =Y ¢;P;. (2.18)
i

It induces a spectral decomposition of the corresponding Liouvillian Lg,

Ls = waQu, (2.19)

where

Qap =Y bunc;—er (P © 1r)p(Pi @ 1), (2.20)
j7k
for all p € T(H), and w,, are distinct and real, representing all possible energy
gaps of the free system S. It is immediate to check that Q.Qg = 64,3Qa, SO
{Qa}a is a family of projections, and one gets

e s =) " e Q) (2.21)
o

Given a bounded operator X : T(H) — T(H), we define its spectral
average as [10]

X1=>"QuXQa, (2.22)
[e%
which can be easily proved to be equivalent to
1 T . .
X' = lim = / eths X e~ dt, (2.23)
T—+o00 T 0

an expression that makes no reference to the spectral projections {Qq }a-

We will see that the spectral average will turn a bounded operator on
density matrices into a GKLS generator, a crucial ingredient for having a
completely positive Markovian evolution.
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3. A review of Davies’ results

In this section we recall the abstract result of Davies [10] on the derivation of
the master equation for the reduced dynamics of the system (in the interac-
tion picture) in van Hove’s limit , namely, when both the weak-coupling
limit (A — 0) and the long-time limit (¢t = 7/A? — +00) are considered.

Let po = 09 ® wr € PT(H) be the initial state as in . Consider the
system S in the interaction picture at van Hove’s time scale t = 7/A2. In
order to prove the existence of the limit reduced dynamics o7(7) in ,
we will study instead the following limit on the full space T (H),

pi(7) = or(T) @ wr = lim UX7)po, (3.24)
A—0

where ‘ ‘
UMN(7) = e'32Fs pe iz (FotAbsn) p (3.25)

As discussed above, this problem is equivalent to , since the spaces
T(Hs) and PT (H) are isometrically isomorphic.

First of all, we establish, in an abstract setting, an integral equation for
U*(7) and give a series representation for its kernel. This will be the starting
point of all the following investigation.

Notice that all the results of this section are valid in an abstract Banach
space B. However, with an abuse of notation, we will keep denoting the ab-
stract operators by the physical notation discussed above, so that the reader,
by looking at theorems, can immediately understand where we are aiming
at.

LEMMA 1 Let P = P? be a finite-rank projection on a Banach space B.
Let t — e "ER be a strongly continuous group of isometries on B, which
commutes with P and acts as the identity on Ran P:

e LR P — pe—itlr _ p, (3.26)

Let Lg and Lgr be bounded operators such that —iLy = —i(Lr + Lg) and
—i(Lo+ALsR) are the generators of strongly continuous groups of isometries
on B, and

Ls=PLsP, PLsrP = 0. (3.27)
For any \,7 € R, let
UNr) = oz Ls pp=ivz(LotALsk) p (3.28)
Then, UNT) satisfies
UA(T) - p_ / ei%£SKA(T — u)efi)\%ﬁsUA(u) du, (3.29)
0

7
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where
‘r/)\2 ] ‘
EKN(7) = / Pe'foLgpQe SRR Q Lo p P ds. (3.30)
0

Moreover, K)‘(T) can be given by the morm convergent series

\ /A2 +o0
K (T):/O PLsr($)QLsrPds + Y (—id)"Kn(m/)?), (3.31)

n=1

where Lsp(s) = €0 Lgre 50,
Kn(t) = /A +1()PESR(Zn—&—l)QﬁSR(Zn)Q'"Q£SR(ZI)Q£SRsza (3.32)
ntl(t

and
AN ) ={z=(21,. ., Znp1) ER"™ 0 < 2y <o <z <t} (3.33)
is the (n + 1)-dimensional simplez.

Proof. Set A = —i(Ly + AQLsrQ) and B = —iA(PLsrQ + QLsrP), so
that A+ B = —i(Lo + ALsr). Thus,

U’\(T) = e APt AtBI p

with ¢ = 7/A2, because e AP = ¢"£s P Since B is a bounded perturbation,
the group of isometries t — e4 and ¢ — e"4+5) are related by Dyson’s
equation

t
ot(A+B) :etA+/ e(t=5)A ges(A+B) ds, (3.34)
0

where the integral is in the strong topology [20]. By iterating,

t
JATB) _ A +/ =94 g5 g
0

t t—u
+/ </ eltmu=s)ApesAp ds> e A+B) qy,.
0 0

Since e P = Pet4 and PBP = 0, one has
t t—u
TPt AtBp — p 4 / emud ( Pe *ABe*ABP ds) P B Py,
0 0

Therefore, by plugging the definitions of A, B and ¢, and by a change of
integration variable, we have (3.29) and (3.30)).

8
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Set now A = —iLy and B = —iMQLsrQ, so that A + B = —i(Ly +
AQLsrQ). Equation (3.34) holds, and by iterating it we get Dyson’s series,
e 15(Lo+AQLsRQ)
+oo

— ¢ i5Lo 4 Lo Z(_i)\)n ) QLsr(2,)Q - QLsRr(21)Qdz,

n=1 An(s

which plugged into (3.30)) gives (3.31]). O

The following theorem contains the result in Ref. [I0] concerning the limit
of UM7) for A — 0. We consider a small variation of the original theorem,
which is convenient for our later discussion.

THEOREM 1 Under the assumptions of Lemmall], suppose that the operator

“+oo
K = PLsr(s)QLsrP ds (3.35)
0

on the Banach space B is well defined, namely that

“+oo
/ IPLsn(5)QLsRP|| ds < +oc. (3.36)
0

Suppose that there exists a sequence (cp)n>1 such that the power series
S
n>1
has infinite radius of convergence and
1K ()] < cnt™?, for all n > 1 and t > 0, (3.37)

where [z] denotes the integer part of x, i.e. the largest integer < x. Suppose
that for all m > 1 there exist d,, > 0 such that for allt >0

[ E2m ()| < dmt™ ™, (3.38)
for some € > 0.
Then, one has
lim U (r) = e "K° P (3.39)
A—0
uniformly in T € [0,71], for all 7y > 0, where
1 T . ,
K%= lim = / eths Ke~iEs ¢ (3.40)
T~>+OOT 0

is Davies’ spectral average of K, which always exists since Lg has a finite
(pure point) spectrum.

Proof.
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Step 1. Fix 79 and 7, with 0 < 79 < 7. We prove that

lim K1) = K (3.41)
A—0

uniformly in 7 € [19, 71]. We observe that

+00 too
IKA7) - K| < //xz IPLsr()QLsrP| s+ > (A" Kn(r/A?)]
T n=1
+00 oo
= //v IPLsr()QLsRP| s+ > [AP™| Ko (/X%
T m=1

+oo
+ ) AP Ko (/A2

m=0

and using (3.36)) one gets

+oo
// . |PLsr(s)QLsrP| ds — 0
T/

as A — 0, uniformly in 7 € |19, 71]. Moreover, by using (3.37)) and (3.38)), it
is easy to check that

“+oo

D AP Ko (/3]

m=1

is a uniformly convergent series in 7 € [0, 71|, which vanishes term by term
as A — 0. Finally, by using (3.37]) we have that

+00 oo
D AP Ko (/A < LD Comprr™ = 0
m=0 m=0

uniformly in 7 € [19, 7] as A — 0.

Step 2. Let V := C([0,71]; Ran P). We claim that for all 0 € V,

T

lim eiTﬂ?CSK}‘(T - u)eﬂk%ﬁsa(u) du = / Kbo(u)du
A—0 0 0

uniformly in 7 € [0, 71]. Indeed, by using (3.41) it can be easily shown that

as A — 0, uniformly in 7 € [0, 71].

—0

T - w T g
/ e ES KM — w)e 35S o (u) du — / e 3L Ke 255 o (u) du
0 0

10
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Moreover, since Ran P is finite-dimensional and Lg = PLgP, one gets
e~ ths — >, € e Qy, where {Qq} are the spectral projections of Lg and
{wa} are the distinct eigenvalues. Therefore, we get K% = 3" QoK Q,, as

in (2.23)), whence

‘/ eiA%LSKeiA%ﬁsa(u)du—/ Ko (u) du
0 0

= /ZQaKQBGi;Z(w“wB)U(u)du—/ Kbo(u)du
0 0
a7/6

— /OTaZﬁQO‘KQﬁ‘S”wWBU(u) du — /OT%:QQKQQJ(U) dull =0

as A — 0, uniformly in 7 € [0, 7y].
Step 3. Let pp € Ran P. Define for all 7 € [0, 1]
oNT) =UMN7)po and  p(r) = e_Ttho. (3.42)
Of course, p*(-),p(-) € V. We will prove that
lim () = p(r)

uniformly in 7 € [0,71]. It follows immediately by (3.42)) and by Lemma
that

+oo
pNT) = p(r) = Z(—l)”/ )[A%T’A)(U) — (K*)"|po du, (3.43)
n=1

n(T

A(T’)‘)(u) = H’\(T - un,un)H)‘(un — Up—1,Up—1) " H)‘(uz —ug,uy),

with . .
H7,u) = e 3255 KA (r)e a2 Es,

Moreover the series in (3.43]) is dominated by a totally convergent series.
Indeed,

with some ¢ > 0 for any A < Ay for a small enough Ag, and

‘ [ @
An(T)

11

1
< UK+ o) ool

/ AN () po du
An(T)

1
< EHKH"T{LH;)OH.
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Therefore,

sup ||p () — p(7)|| < Z (K] + o) il ol
7€[0,71]

Thus we have proved that each term of the series (3.43) vanishes as A — 0
uniformly in 7 € [0, 71]. Therefore the series converges to zero as A — 0, and
this completes the proof. O

4. Diagrammatic expansions

Now we go back to our problem and look in more detail at the structure of the
operator K (t) given by in the case of the Banach space B = T(H)
and with the operators introduced in Sec. Our aim is to show that,
under suitable conditions, our concrete realization satisfies the hypotheses
of the abstract Theorem [l| and thus it gives rise to a quantum dynamical
semigroup in van Hove’s limit.

Let us gather here the assumptions on our model discussed in Sec. 2]

ASSUMPTIONS A:

1. Let Hp be a complex separable Hilbert space, and t — e ®*Hr be a
unitary group, with self-adjoint generator Hg.

2. There exists a unit vector Qr € H g which is invariant, namely HrQ2r =
0. Let wr = Pq, be the rank-one projection onto the span of Qp.

3. Let Hg be a finite-dimensional complex Hilbert space, and Hg a self-
adjoint operator in Hg.

4. Let W ®V be a bounded operator on the tensor product H = HsQHrg,
with W and V self-adjoint, and with tr(Vwg) = 0.

5. Let Pp = trg(p) ® wg and Q = 1 — P, for p € T(H) be projection
operators on the Banach space B = T (H).

6. Let t — e~ "0 be the group of isometries on B defined by e <0y =
efit(Hs®1R+15®HR)peit(H5®1R+15®HR)7 and let Lgpp = [W @V, p|, for
all p € B.

Under these assumptions, the hypotheses of Lemmal(I|are satisfied and the
kernel of the evolution operator U*(7) is given by the sum of the series (3.31)).
In this section we aim at proving an exact formula and a diagrammatic expan-
sion of the n-th term of the series, K, (t) given in (3.32)). This diagrammatic

expansion will be crucial to prove our main theorem. In order to present the
result we introduce some notation.

12
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4.1. DEFINITIONS, NOTATIONS AND EXAMPLES

DEFINITION 1 Letn e N, n > 1.

1. We set [n] :={0,1,...,n}.

. Let AC [n+1]. Weput A:=[n+1]\ A and we denote by |A| the number
of elements of A.

DEFINITION 2 Let n € N, n > 1. We define the set of noncrossing parti-
tions of [n], and we denote it by NC,, the family of partitions of the sequence
(0,1,...,n) into contiguous subsequences of length larger than 1. In detail:
d € NC,, if there exist r > 1 and k..., kr € N\{0,1}, k1 +---+ k. =n+1,
such that d = (dy, . ..,d,) where

di = (0,...,]{}1—1),6[2 = (kl,...,kl—i-kg—l),...,dr = (kl—l—---—l—k,,_l,...,n).

We denote by |d| = r the number of subsequences in d, and by |d;| = k; the
length of the subsequence d;, for j =1,...,r

EXAMPLE 1 Consider [7] = {0,1,2,3,4,5,6,7}. Two partitions in NCy
are

d=((0,1),(2,3,4),(5,6,7)), d =((0,1,2),(3,4,5),(6,7)).

DEFINITION 3 Let m > 1 and a = (a1,...,am) € N, a; < ajq1. Let
A C N. We consider the two disjoint sets

{a1,...;,am}NA={r,...,7}
and
{a1,...;am} \ A= {Sk+1,---,Sm},

and we assume that 1 < --- < 1 and Sg+1 > - > Sm. We define the
rearrangement of a by A as the m-tuple

a? = (Plyee s Thy Skl -+ Sm)-

EXAMPLE 2 Let d = ((0,1),(2,3,4),(5,6,7,8)) € NCsg, with di = (0,1),
dy = (2,3,4), d ( 6,7,8), and let A =1{1,3,5,6}. Then,

= (17 0)
DEFINITION 4 Let (Fi)ken be a sequence of bounded operators in a Banach
space. We define three different ordered products:

- Afa = (a1,...,am) € N, with a; # ay, for j # k, we denote the ordered
product by

dy =(3,4,2), di =(5,6,8,7).

[ 5= FaFo, - Fa,.
k€a

13
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2. If A={j1,J2,-.,Jr} CN, with j1 < jo < -+ < jr, then we set
ﬁ Fk = ‘F?lejQ U F]r and ﬁ Fk = Fjr‘Fjjr—l U F]l
keA keA

4.2.  DIAGRAMMATIC EXPANSION OF K, (t)

Using the above notations and definitions we can present the following result.

THEOREM 2 If Assumptions A hold, it results that the operator K, (t) de-
fined in has the following structure:

Kn(t)p= > (-pH )gn(A, z) ﬁ W (zj)o ﬁ W(z) ® wrdz,

AC[n+1] Anti(t jeA keA
(4.44)
for all p € T(H), where 0 = trr(p) (namely Pp =0 ® wg), 2o := 0, and
|d|
Gu(A,2) = Y (=) T ee| T Ver)wr | - (4.45)
deNCr 41 s=1 keda

See Figs. [1] and[d for the Feynman diagrams of and ({4-45).
Proof. Let us recall the definition of K, (t),

K,(t) = / PLsgr(2n41)QLsR(2n)Q - - - QLsR(21)QLsR(20) P dz,
An+1(g)

where zg := 0, and observe that

PLsR(2n+1)QLsR(2n)Q - - QLsR(21)QLsR(20) P
= P,CSR(Z,-L+1)(1 - P)ﬁSR(Zn)(l - P) e (1 - P)ﬁSR(Z())P.
(4.46)
The presence/absence of a projection P in (4.46)) splits the operator into a
sum of many terms, each one of them being related to a specific partition

of n + 2, the total number of variables. Using this idea, it is not difficult to
prove that K, (t) can be rewritten as follows:

PLsR(2n+1)QLSsR(20)Q - - - QLsR(21)QLsR(20) P

- Z (—1)ldi+ H PHESR(zk)P . (4.47)

where a?j is the reversed sequence of dj, that is, if d; = (a1,...,a,), then
dj = (ar,...,a1). Observe that given d = (di,...,d;) € NCy41, the length
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O—®@ A O—® A
o
WRr WR
©—® ——=0B- A -0-O+—B—©6® A
W5W3W1W00’W2W4 —tr(Vl%wR)tr(VgVZlVg,V},wR)

Fig. 1: (Color online) Left: Feynman diagram of the term
HjZA W(zj)o [Trea W(zk) for n = 4 and A = {2,4}, where W; := W (z).
Right: Feynman diagram of the term (—1)I4+1 Hlil tr (erd? V(zk)wR> for

n =4, A = {24}, d = (di,d9), |d| = 2, di = (0,1), da = (2,3,4,5),
di = (0,1), d4 = (2,4,5,3), where V; := V(z).

—0—O— ——0—
On0 @—® -0-O+—0@—=06- -0-0——00——=06-
tr(VaVaVsVaViVowr) —tr(ViVowr)tr(VaVaVsVawr) — —tr(VaViVowg)tr(VaVs Vawr)
@ @ —Q @
Oz0 OT—® Or—®
—tr(VaVaVi Vowg)tr (Vi Vswg) tr(ViVowg)tr(VaVawg )tr (Vi Vswrg)
Fig. 2: (Color online) Feynman diagrams of the terms

(—1)ld+1 T, tr(erdé V(zk)wR), for all possible d € NCj and A = {2, 4}.
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of d; represents the distance between two successive projections P, and this
is the reason for the request in NC,,41 that |d;| > 2 (because PLsg(2)P =0
for all z € R). Let us consider some examples of possible d € NC,,11.
1. If d = (d1), d1 = (0,1,...,n+ 1), we have that |d| = 1 and the corre-
sponding term in the sum (4.47) is

PLsr(zn+1) - - Lsr(z0) P

In this situation all the variables {zo, z1,...,2,+1} stay together be-
tween two projections P.

2. If d = (dl,dg,dg), di = (0,1), dy = (2,3,4), ds = (5,...,n + 1), we
have that |d| = 3 and the corresponding term in the sum (4.47)) is

(PLsr(2n+1) -+ Lsr(25)P)
X (PLsr(24)Lsr(23)Lsr(22)P)(PLsr(21)Lsr(20)P).

In this case there are three sets of variables that stay together between
two projections P: {zp, 21}, {22, 23,24} and {zs5,..., zn41}

In general we can say that given d € NC,41 the corresponding term in
the sum have |d| sets of variables that stay together between two
projections P.

In order to obtain a more explicit formula for K, (¢), let us first look at
the cases n = 1,2. Put Vj := V(zp) = e HrVeHr and W, := W (zy,) =
e s We=t=ktls  Let p € T(H) and Pp = 0 ® wr. Then,

Kl(t)p:/Az(t) PESR(Z2>Q£SR(21)Q£SR(ZO)(O—®wR) lesz
B /z( )PESR(Z?)'CSR(Zl)ESR(ZO)(U ® wg) dzidzy,
A2(t

where we used the fact that NCy contains a unique element d = (d;) with
dy = (0,1,2). By a direct computation it follows that

Ki(t)p = / dzidze [tr(Va Vi Vowgr) We W1 Woo

A% — (Vi VowrVa) W1 Woo Wa
— te(VaVowrVi ) WaWoo Wi
+ tr(VowRV1V2)WoO'W1W2
— tr(VaViwr Vo) WalWio W)
+ te(ViwrVoVa) WioWoWa
+ tr(Vawr Vo Vi ) Wao Wy Wy
—tr(wpVoViVa)oWoW1Wa] @ wr.  (4.48)

16
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Observe that the indices of the elements on the left-hand side of o are al-
ways decreasing, while the indices on the right-hand side of ¢ are increasing.
Therefore, with each term of the sum we can associate two disjoint
subsets of {0,1,2} (the set of the indices) corresponding to the increasing
and to the decreasing indices; moreover the sign of each term is determined
by the number of increasing indices. Therefore,

Ki(t)p= Y (-pH ﬁVwRﬁVk ﬁwjaﬁmeRdz

AC[2] AQ(t keA jEA keA
= > (=M tr ﬁvkﬁvij ﬁWjUﬁWkQQwRdz,
Ac[2] A28 \keA  jea jeA kEA

where the cyclic property of the trace was used.
Let us now look at Ka(t). We get NC3 = {d,d'}, with d = (dy), d1 =

(0,1,2,3), and d' = (d}, d,), with d} = (0,1),d} = (2,3). Using (4.47), one
has that

Ksy(t)p = /3 dzsdzodzy [PLsR(23)Lsr(22)Lsr(21)Lsr(20)(0 @ wRr)
A0 — PLsr(23)Lsr(22)PLsr(21)Lsr(20)(0 @ wr)],
(4.49)

and by a direct computation which uses the cyclic property of the trace, one

finds that

- / dz ([tr(Vg,VleVowR)—tr(VngwR)tr(Vﬂ/owR)]WgWngwoa
231

— [tr(VsVaViVowr) — tr(VsVawg) tr(ViVowr)|[Wo W1 Woo W3
— [tr(VaVsViVowg) — tr(VaVawg) tr(ViVowg)|WsWi Woo Wa
+ [tr( V3V1V0(UR) - tI‘(VngwR) tI‘(V %wR)]W1WOUW2W3
— [tr(ViVsVaVowgr) — tr(VaVawg) tr(ViVowr) [WsWoWoo W
+ [tr(ViV3VaVowr) — tr(VsVawr) tr(ViVowr) [WeWoo W1 W3
+ [tr(ViVaVaVowr) — tr(VaVawg) tr(Vi Vowg)|WsWoo W W
— [tr(ViVaVaVowpg) — tr(VaVawg) tr(ViVowg)|Woo W1 WaWs
[tr(‘/b‘/g‘/gV1WR) — tr(VgVQwR) tr(%vle)]W3W2W10WO
+ [tr(VoV3VaViwgr) — tr(VsVawpg) tr(VoViwg)|[WoW1o W W3
+ [tr(VoVaVaViwgr) — tr(VaVawr) tr(VoViwgr)|WsWioWoWo
— [tr(VoVaVaViwg) — tr(VaVawg) tr(VoViwg)|[WioWoWo s
+ [tr(VoViVaVawgr) — tr(VsVawg) tr(VoViwgr)|WsWao Wy W1

17
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— [tr(V()Vﬂ/}),ngR) — tr(VngwR) tr(V()Vle)]WQO'W()W1W3

— [tr(VoViVaVawg) — tr(VaVawr) tr(VoViwg)|Wso W Wi Wy

—Hﬂ%%%%wﬁ—ME%MQM%WMMM%WMM%)
& WR.

The only difference with the case n = 1 consists in the content of the square
brackets. There are two terms in the first one all the variables stay together,
similarly to the case n = 1, while in the second one there are two sets of vari-
ables that stay together, {z9, 23} and {zp, z1 }. In each square bracket the first
term comes from the first line of , namely from the partition d, while
the second term comes from the second line, namely from the partition d’.

Generalizing these considerations to an arbitrary n it can be proved by
induction that K, (¢)p can be written as follows:

K.(t)p= > (-pH )miiwwmaffwaw®wR
jeA

AntL(t

AcC[n+1] keA
|d|
X Z (—1)|d|+1Htr H V(zk)wr
deNCp 11 s=1 kedA
= > (- @%@@ﬁW@pﬁW@@w%
AcC[n+1] Anti(t) jeA keA

where d4 is the rearrangement of ds by A, as defined in Definition [3| and

|d|

Gn(A, 2) = Z (—1)|d|+1Htr HV(zk)wR

deNCyp 11 s=1 ked4

5. Main result

By using Davies’ abstract result and the above diagrammatic expansion, we
will prove the existence of the limit dynamics for a finite-dimensional
system S weakly coupled to a generic reservoir R, when the coupling operator
V' and the reference state wg satisfy Assumptions A and some additional
suitable assumptions.

First of all, let us recall when a state is mizing. Let w € T (Hp) be positive
and normalized. We say that w is mixing if for any bounded operators A and
B on Hpg one has

lim tr(A(t)Bw) = tr(Aw) tr(Bw), (5.50)

t——+o0o
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where A(t) = e*£rA = eHr Ae=Hr  This can be proved to be equivalent
to the condition [21]

X—)Ege “Hr — Pq,., (5.51)

where w-lim denotes the weak limit, and wg = Pq, is the rank-one projection
associated with the reference state of the reservoir Qp.

In order to prove the convergence of van Hove’s limit we will need an
interaction V' whose correlations are decaying sufficiently fast. Remember
the assumption (2.16), tr(Vwgr) = (Qg|VQr) = 0, which means that the
vector v = VQp is orthogonal to the reference state Qg. Thus, by we
have that the two-point correlation function decays,

tr(V(t)Vwg) = (v]e”Hry) — 0, (5.52)

as t — +oo. We will require that it decays fast enough, such that it is
integrable.

In fact, we will need a stronger mixing property, given by the following
conditions on the n-point correlation functions.

DEFINITION 5 The triple (Hg,V,wgr) has a clustering property if there
exists a function f: R — R that satisfies the following conditions:

f is non-negative and

/f 1+ |s])¢ds < 400,

for some 0 < e < 1.

There exists C > 0 such that for all n > 1 and for all A C [n + 1] it results
that

(%3]
Cn—i—?
1Gu(A,2) < g D 1] oy — 2,
D pes, 1o

where S), denotes the set of all the permutations p of {0,1,...,n + 1} such
that |p(1) — p(0)| > 2 (gapped permutations).

Roughly speaking, the clustering property bounds the (n + 2)-point con-
nected correlation function G,(A,z) by the product of [%5] 4+ 1 two-point
functions, where at least one of the pairs of times is taken at two nonconsec-

utive times. It is related to the strong mixing property

tEeroo tr(AB(t)Cw) = tr(ACw) tr(Bw), (5.53)

which obviously implies (5.50)). Indeed, under the strong mixing condition
(5.53)), one can show that the (n+ 2)-point correlation G, (A, z) decays as the

separation of any pair of consecutive times increases,

Gn(A,2) -0 as 2z — 21 — +© (5.54)
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for Kk = 1,...,n 4+ 1, which implies that it decays as the separation of any
pair of times increases,

Gn(A,2) =0 as zp—zj = +o0, (5.55)

for k,j =0,1,...,n+ 1, £k > j. Note also that the strong mixing property
and the clustering property cannot hold if V is a finite-rank operator. One
can argue that this is physically sensible, because in such a case the system
would see, through V', an effective finite-dimensional reservoir.
ASSUMPTIONS B:

1. The correlation function ¢ : R — C, such that for all £ € R

p(t) = tr(V(H)Vwr),

is in L'(R), namely
el == /R l(t)] dt < +oo0.

2. The triple (Hg,V,wg) has a clustering property.

Notice that Assumption Bl implies a mixing property only on the two-
point correlation function of the observable V. In general there can exist a
pair of observables A and B, different from V', which do not satisfy ,
whence mixing is neither sufficient nor necessary for this Assumption Bl to
hold.

THEOREM 3 Let Assumptions A and B hold, and let K*() be defined

by . Then one gets
lim K 1) =K (5.56)
—

uniformly in T € [19,71], 0 < 170 < T1, where the bounded operator K acting

on T(H) is given by (3.35). Moreover,
lim UMN7) = e 7K' P (5.57)
A—=0

uniformly in 7 € [0, 7], 71 > 0, where

1 [T . .
K= lim — / '%Es Kemt5Es s (5.58)
T—>+OOT 0

is Davies’ spectral average of K.
We split the proof of Theorem [3] into two propositions.
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PROPOSITION 1 If Assumptions A and B hold, then for all t > 0 one has
that for all n > 1 the operator K,(t) given by satisfies the bound

1K (t)]| < et (5.59)
e oW, (=5
e = Hufuﬁ b (5.60)
2

with C' and f as in Definition [
Proof. By Theorem [2] we have that, for all n > 1 and p € T(H), ||p|| = 1,
1Kol < S0 [ 1G] a
AC[nt1] /AT ®)

Moreover, since (Hg,V,wpr) has a clustering property, according to Defini-
tion [5] we have that, for all A C [n + 1],

n+1
Gn(A, 2)[dz < S / |~ 2ien)
An+1( ' pGZS, An +1(t) l 5 p( D
9 i
cnt /
<+ (21— 2
517 Joas UO +)
Therefore
n+1
20| W) +2 %]
e R | B CEE s
[5]! 04"+ 1=
20 ||W || t+2 +1,1,
S( II[ ]II) Hng al R )
2
and this proves (5.59). O

PROPOSITION 2 Let Assumptions A and B hold, and let K, (t) acting on
T(H) be given by . Then, we have that, for allt >0 and m > 1,

[ Eom (t)]| < dmt™ ", (5.61)
where o B
20w )™
= VT o 4 o)1 69, (5.62)
k—i—1— k—i—1—¢ —k 1 m—k+i+1
M L e R A
L (m—e)m<k—i—D(m—-k+i+1)!

with the norm || f||1e given in Definition [3
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Proof. By Theorem [2] we have that, for all m > 1 and p € T(H), ||p|| =1,

Fom@ol < W2 52 [ (4,2

AC[2m+1]

Moreover, since (Hg,V,wg) is a clustering triple, according to Definition
we have that, for all A C [2m + 1],

C2m+2 m
/A2m+1(t) ‘g2m(‘4) Z)’ dz < m Z / H f(zp(l) - p(l+1)) dz.

pes: A1) 1 5o

Notice that, for all p € S},

/A Hf Zp() ~ Zpi4)) 4z < | FI° / f(zx — 2)dz

27n+1 t)l 0 A'm+l(t)

for some k,i € {0,1,...,m+ 1} with |k —i| > 1. We distinguish two cases:
if K >1i+ 1, by Lemma [2] given in the Appendix we have that

/ Fon — zi) dz < [ Flae€Oeme, (5.64)
Am+L(f)

with {9 given in (5.63). If i > k + 1, then

/ flzp —2z)dz = / f(zl — zp) dz,
AmHL(L) Am+L(t)

where f(z) = f(—x). Since ||fllic = ||fl1e by Lemmagiven in the Ap-
pendix we again have (5.64]). Therefore,

20 W 2m+2 m €)m— €
(Km0l < EMVVT o a1 60

which proves (5.61]). Note that this estimate fails if we drop the condition of
“gapped permutations” in the definition of the clustering property in Defini-
tion [p] since Lemma [2] requires a gap. O

Armed with Propositions [I] and [2, we can at last conclude the proof of
Theorem [3l

Proof. (Theorem |3) First we prove (5.56). We observe that for all o ® wgr €
PT(H),

K(o ® wgr)

+o0o

= /0 dz (tr(V(z)VwR)[W(z), Wo] —tr(VV(2)wr)[W(2), JW]) ® wr
+o00

= [ (e ). Wl = =)V (). 0W]) S
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Therefore it results that
1K < 4|W[[lel < +oo.

Combining Proposition |1, Proposition [2l and Theorem 1, we obtain (5.57)). [

Appendix A

Here we prove a technical lemma needed in the proof of the main Theorem

LEMMA 2 Let g € L'(R), then for all m > 1, for all t > 0 and for all
k,i€{0,...,m+1}, k > i, it results that

q t Skfifl (t o 8)m7k+i+1 q AL
Jo 200 = [ e s (A

where zy := 0. Moreover, if g > 0 and

llgllie:= / 9(2)(1+ |2])°dz < +o0, for some € > 0,
R

then for k> 1i1+1,

/ 9z — ) dz < gl EQm, (A.2)
AmFL(t)
where
. k—i—1—c¢ . m—k+it1
(© _ (k—i—1—¢) (m—k+i+1) A
Sm k,_ioi‘i}i b gk —i—Di(m—k+it 1)l (A.3)

Proof. We start with the proof of (A.1]). Let us first look at a simple case,
with K =2 and i = 1 for m =1,

t 29
/ g(zg — z1)dz = / dZ2/ dz1 g(ze — 21)
A2(t) 0 0
t t
/ dz; / dzo g(z2 — 21)
t 1 21
/ dz / dza g(22)
0 0
t
/ dsg(s)(t — s)
0
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By generalizing this strategy, we manipulate the integral form+1 =%k > i > 1

as
/ g(zk — z;) dz
(t)

dzk/ dzp_q -
0

>
>

le g 2k — Z’L)

o\.‘o\

o
&

i—1 2 kzl

'< >'Ad”@w—ww'
—i—1 t t—Zz)Zl
‘/dzl S

k i—1 (t
dsg(s )(k:—z—l) i!

Note that this final formula works also for £ > ¢ = 0. Then, for m+1 > k >
1 > 0, we have

/ g(zk — 2z;) dz
Aerl(t)
t Zm+1 z2
= / dzm+1/ dzp, - - / dz1 g(2k — i)
0 0 0
t Zm4+1 Zk4+1 Skfifl (Zk+1 _ S)’i
/0 dzma1 /0 dz, /0 dsg(s) == f

t gh—i—1 t (Zk+1 _ s) t t
= d —_ d - d dzm
/0 59(8) (k: i 1)! /S Zk41 il /ZH1 k42 /Zm Zm+1

t Skfifl t (Zk+1 _ s)i (t _ ZkJrl)mfk
_/0 dsg(s)(k—i—l)!/s Qe = (m — k).

t k—i—1 t— gym—ktitl
= [asslo e
0 (k—i—1)!'(m—-Fk+i+1)!

<
—_

(o}

V)
<
/\

~+

/
/t Zit1 ) Z@'fl
= [(aa [ e dzi gl — %)
0 0 (i—1)!
t t i1
= dzi/ dziyq - / dzk g(zk — 2zi) =
/0 Z5 " Ze—1 (Z - ]‘)'
t t—=z; t—=z; t—z; Z?}*l
= dzi / dzi 1 / dzi+2 e / dzk g(zk)’i
A 0 - Zit1 Zk—1 (Z - 1)'
t Zi Zi Z; (t _ Z')i_l
= dz; / dziiq dzjyo - / dz, g(2p)
/0 0 " Zi+1 Ze—1 (Z - 1)'
t t— z;)i 1 Ziso
= / dz; % / dzy g(2k) dzk’ 1 / dzit1
0 (=1 Jo
/t (t - Zi)z_
0 it —
/0

o
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which is (A.1)).
Now we prove (A.2]) using (A.1)).

/ g(zk — 2z;) dz
Am+1(1)

t k—i—1 _ oym—k+itl
_ / g(s) e
0 (k—i—D!'(m—Fk+i+1)!

Skfifl (t o S)mfk+i+1
(T+s)(k—i—Dl (m—k+i+1)
Sk—i—l (t _ S)m—k+i+1
QI+s)(h—i—1l(m—Fk+i+]1)!
k—i—1—¢ (t _ S)mfk+i+1

= [atr s

< llgll,e max
s€[0,t]

<
< llgll.e selon) (k—i— 1) (m—Fk+it1)

BN et e Bl BV
= |91, (m—e)m=<(k—i—1)!(m—k+i+1)!
< |lglh &t

which is , where 57(,5) is given by O

m—e
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