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Abstract

Stabilization of a class of time-varying parabolic equations with uncertain input data us-
ing Receding Horizon Control (RHC) is investigated. The diffusion coefficient and the initial
function are prescribed as random fields. We consider both cases, uniform and log-normal
distributions of the diffusion coefficient. The controls are chosen to be finite dimensional and
enter into the system as a linear combination of finitely many indicator functions (actuators)
supported in open subsets of the spatial domain. Under suitable regularity assumptions, we
study the expected (averaged) stabilizability of the RHC-controlled system with respect to
the number of actuators. An upper bound is also obtained for the failure probability of RHC
in relation to the choice of the number of actuators and parameters in the equation.
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random fields, nonautonomous parabolic equations

Mathematics Subject Classification 93C20 - 35R60 - 93D20 - 93E03

1 Introduction

Mathematical models arising in real-world applications are typically affected by uncertainties that can
lead to significant differences between the real systems response and the corresponding deterministic
mathematical models. Therefore it is of great interest for applications to include uncertainty in these
models and quantify its effect on the predicted quantities of interest. Such uncertainty may reflect our
ignorance or inability to properly characterize all input parameters of the mathematical model, and it may
also describe an intrinsic variability of the physical system, see e.g., [5, [6]. Probability theory provides
a natural framework to describe and deal with such uncertainties which are characterized as random
variables or more generally random fields.

We investigate stabilization of the controlled systems governed by the following linear parabolic
equation utilizing the receding horizon control (RHC) strategy

Oy — V- (v(w)Vy) +a(t)y + V- (b(t)y) = Yty wi(t)1lo, (tz) € (0,00) x D,
y=0 (t,z) € (0,00) x ID, (CS)
y(0) = yo(w) z €D,
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where D C R" is a bounded rectangular with boundary 0D and the functions 1p,, represent the actuators.
They are modelled as the characteristic functions related to open sets O; C D for i = 1,...,N. The
reaction term a(t) = a(t,x) and the convection term b(t) = b(t, z) are, respectively, real- and R"™-valued
functions of (¢,x) € (0,00) x D. Further, the diffusion coefficient (the convective heat transfer coefficient)
v(w) = v(w,x) and the initial function yo(w) = yo(x,w) are very difficult to measure in practice and,
hence, they are affected by a certain amount of uncertainty with x € D and w € 2. These uncertainty
inputs are described as random fields defined on the complete probability space (2, F,P), where Q denotes
the set of outcomes, F is the associated o-algebra of events, and P : F — [0, 1] is a probability measure.

In this work, we aim at deriving a stabilizing control that is robust with respect to the perturbations
of the dynamics caused by all possible realizations of the random parameter w. For this purpose we
consider the notion of averaged stability and verify that the expected value of the distance of the state to
the steady state with respect to the random parameter converges asymptotically to zero. More concretely,
the control objective is to find a (spatially) finite-dimensional control u € L?((0,00); U) for which

B[l om] = [ 10t s pm @) 20 as ¢ o0

holds. Here we will consider the both cases deterministic U = RY and stochastic U = L3(Q;R) @ RY
controls. The stabilizing control u is computed by a receding horizon framework. In this framework, the
current control action is obtained by minimizing a performance index defined on a finite time interval,
ranging from the current time to to some future time ¢ty + 7', with T € (0, 00] and ¢y € (0,00). Here we

set
1 ﬁ to+T

to+T
Irtwtom) =g [ Byl iy [T @l 1)

for >0, £: Rso x H}(D;R) — Rx satisfying £(¢,y) > ag||y||2L2(D,R) with ay > 0, and £(¢,0) = 0. As
an example one may consider £(t,y) = ag||y|\%2(D_R). Then, the stabilization of the control system (CS))
can be formulated as the following infinite-horizon optimal control problem

min{J (1;0,90) | (y,u) satisfies (CS)), u € L*((0,00); U)}. OPy(yo)

As we will show, the receding horizon approach delivers a suboptimal approximation to the solution of
This approximation is constructed by concatenation of a sequence of finite horizon optimal
controls defined on overlapping intervals covering (0, 00). These finite horizon problems have the following
form. For a given initial time {g, initial functions gy = go(w, z), and prediction horizon T' consider

i Jr(u;to, 7 OPr(ty, i
weL?((torfo+THD) 7 (w3 to, 9o) r (o, o)

Oy = V- (W(w)Vy) +alt)y + V- b1)y) = il wit)lo, (@) € (fo.fo+T) x D,

s.t Yy = 0 (t,lL’) € (foafo + T) X aDa (2)
y(to) = 7o (w) rzeD.
In the receding horizon framework, we define sampling instances t; := kd, for £ = 0,1,2,..., and for a

chosen sampling time § > 0. Then, at every current sampling instance t; sampling time é > 0. Then,
at every current sampling instance t with state y,,(tx) € L3(;R) ® L?(D;R), an open-loop optimal
control problem O Pr(tx, yrn(tx)) is solved over a finite prediction horizon [t,t; + T for an appropriate
prediction horizon T > §. Then, the associated optimal control is applied to steer the system from time
t), with the initial state y,5(tx) € LE(;R) ® L*(D;R) until time tg11 := ¢ + & at which point, a new
measurement of the state y,,(tr+1) € L2(R) ® L?(D;R), is assumed to be available. The process is
repeated starting from this new measured state: we obtain a new optimal control and a new predicted
state trajectory by shifting the prediction horizon forward in time. The sampling time ¢ is the time period
between two sample instances. Throughout, we denote the receding horizon state- and control variables
by yrn(+,-) and u,p(-), respectively. Also, (yi(-,-;%0,%0), Wr(;t0,%0)) stands for the optimal state and



Algorithm 1 Robust RHC(4,T)
Require: The sampling time §, the prediction horizon 1" > ¢, and the initial state yg
Ensure: The stability of RHC u,,.

1: Set (fo,%0) := (0,40) and yr4(0) = yo; o

2: Find the solution (y5.(-; %0, %0)), wh(+; %0, ¥o)) over the time horizon (Zg,to+7") by solving the

open-loop problem [OPr(tg, o)

3: For all T € [to, to + ), set yrn(7) = y7-(73t0,Yo0) and up(7) = u (750, 90);
4: Find a measurement y,;, (o + 0; %0, %o) of the state at time to + ¢;

5: Update: (to,%0) < (to + 0, yrn(to + 9520, %0));

6: Go to Step 2;

control of the optimal control problem with finite time horizon 7', and initial function gy at initial time
to. This is summarized in Algorithm

Concerning the literature, there is a growing interest in partial differential equations (PDEs) that
involve some uncertainty. So far, there are only a few papers investigating parabolic PDEs with random
coefficients. Here we can quote e.g., [9, 3] 14, 21l 27]. Concerning control and stabilization, which are
well-studied for deterministic infinite-dimensional systems, and stochastic systems with the stochastic
terms appearing in an affine manner, there is little research on infinite-dimensional systems under uncer-
tainty. Among them, we can mention [2, [7, [I7] in the context of controllability results and [111 16} 18, [19]
for optimal control problems. To our knowledge, RHC has not yet been studied for control systems with
uncertainty inputs. In this project, we take a step in this direction and, relying on theoretical results
in [I], we investigate the performance and stability of the receding horizon framework for eq. with
both uniformly bounded and log-normally distributed random diffusions v. For each case, separately,
this involves investigating the well-posedness of the state, the stabilizability of the controlled system by
(spatially) finite-dimensional controls, and deriving continuity- and observability-type of inequalities. We
also provide an upper bound for the failure probability for the receding horizon framework depending
on the choice of diffusion parameter v, reaction and convection terms a and b, and the number N of
actuators.

The rest of the paper is organized as follows. We start the next section by introducing the notation
which is used throughout the paper. In Section 3, we consider time-varying parabolic equations with
uniformly bounded random diffusion. Under appropriate assumptions, we study the well-posedness of
the state equation, the stabilizability of the controlled system, and the stability of the receding horizon
framework. At the end of that section, we derive an upper bound for the failure probability of RHC.
In the forth section, we discuss the analogous questions for the case of log-normally distributed random
diffusion.

2 Notation and preliminaries

Let Banach spaces X and Y be given. We write X — Y if the inclusion X C Y is continuous. The space
of continuous linear mappings from X into Y is denoted by £(X,Y’). We also write £(X) = L(X, X).
The continuous dual of X is denoted by X’ := £(X,R). The adjoint of an operator L € L(X,Y") will be
denoted with L* € L(Y’, X").

Let a Hilbert space H endowed with scalar product (-, )z be given. Then the orthogonal complement
to a given subset B C H is denoted by B+ :={h € H : (h,s)y =0 Vs & B}.

For any two closed subspaces F and G of the Hilbert space H satisfying H = F @ G, we define by
Pg € L(H,F) the oblique projection in H onto F along G. That is, for every h € H if we consider the
unique decomposition h = hr + hg with hy € F and hg € G, we have P]g-h := hx. Then, clearly, P]]_-:L
is the orthogonal projection in H onto F which is denoted by Pr.



For given Hilbert spaces H; and Hs, we use the notation Hi ® Hs for the tensor product of H; with
Hs.

We also consider the spaces V := H}(D;R), V' := H-Y(D;R), and H := L*(D;R) endowed with
their usual norms. Then, for every open interval (s1,s2) C R>o, we can define

W(s1,s9) :={v € L*((s1,52); V) : 0w € L*((s1,52); V') },
%
endowed with the norm [[v||yw (s, ,s,) = (Hv||i2((81782);v) + ||3tv||2L2((31752);V,))

For the probability space (2, F,P), a Banach space X, and p € [1,00], we denote by LE(Q; X) the
Lebesgue-Bochner space, composed of all strongly measurable function v : £ — X whose norm is defined
by

1
el = { UGB aP@) 5 <o
o esssup,eq [[v(Hw)llx  p=oc.

We also assume that LZ(;R) is a separable Hilbert space. For this assumption it suffices to assume
that (Q, F,P) is separable see e.g., [22 Theorem I1.10]. Then, if p = 2 and X is a separable Hilbert
space, the Bochner space L2(£%; X) is isomorphic to the tensor product space L(Q;R) ® X, that is
L3(0; X) 2 L2(O;R) ® X, see e.g., [3, Theorem 4.13)].

For the sake of convenience, we abbreviate Vp := L3(Q; H}(D;R)), Vg := L3(; H-1(D;R)), Hp :=
L3(Q; L*(D;R)) and UL := LZ(Q;RY). By identifying Hp with its dual we obtain a Gelfand triple
VW — Hp — V{ of separable Hilbert spaces with dense injections. Finally, for every open interval
(s1,82) C R>q, we consider the space Wp(s,t) defined

We(s1,52) := {v € L*((s1,52); V&) : Opv € L*((s1,52); Vi) },

[N

and endowed with the norm [v|lw,(s,,s,) = (HU||%2((S1,32);VP) + HatU”%Z((sth);‘/};)) . It is well known

that Wpe(s1,s2) < C([s1, s2]; Hp). Further, due to the fact that L2({;R) is separable, we can write for
any Hilbert space X that

LE(QR) © L2 ((s1,52); X) 2= Lp(; L*((s1, 52); X)) = L*(Q X (s1,52); X)
‘R 2

= L?((s1,52); L3 X)) = L?((s1,52); R) © LE(2; X)

Hence, we can conclude
LE(R) @ W (s1,82) = Wa(s1, 52). (3)
In the following, we define the finite- and infinite-horizon value functions. These will be used frequently

in the analysis of RHC.

Definition 2.1. For any yo € Hp the infinite-horizon value function Vi : Hp — R>q is defined by

Voo (yo) = min  {Joo(u;0,y0) subject to (CS)}.

ueL?((0,00);U)

Similarly, for every (T,to,50) € R2, x Hp, the finite-horizon value function Vy : Rsg x Hp — Rx is
defined by B

Vr(to, 7o) == i Jr(u;to, i bject to (2)}.
T(to, Yo) ueLz((gl,l{101+T);U){ 7(u;to, Yo) subject to }

3 Parabolic PDEs with uniform random diffusion

In this section we are concerned with the case when the diffusion coefficient is uniformly bounded away
from zero and from above. This allows us to use the weak formulation directly. Throughout this section,
we impose the following conditions:



Assumption 3.1. We assume that:

Al: There are random variables Vmin, Vmax, and constants U, v such that
0 <V <min(w) Cv(w,z) < Vpax (W) <T <00 forae €D andw € Q a.s.. (4)

A2: For the reaction parameter a and convection vector b, we impose
a € L*((0,00); L"(D;R)) with r > n := dim(D), and b € L*((0,00) x D;R"™), (RA)
and set N(av b) = ||a||L°°((0,oo);L7'(D;]R)) + ||b||L°°((0,oo)><D;]R")-
We mention the two following examples for the diffusion v satisfying Al.

Example 3.1. The case of the (truncated) log-normal fields, i.e.,

M
v(w, ) = vo(x) + exp( Z W)t (), (5)

where ¢; € L (D;R) for j =0,...,M and vy € L*>(D;R) with essinfyep vo(z) = v > 0. The random
variables z; : { — R have zero means, they are pairwise uncorrelated, and they are truncated at some
large enough lower and upper bounds, see e.g., [20, page 25] for more details. For every z = (21,...,2m),
the following quantities are assumed to be well defined.

M
Vinax (w) = esssup vg(x) + exp(>_ |z ()¢5 = (Dix) )
x€D j=1

Vinin(0) = essinf o (x) + exp(~ Zm )il (o)

Since the ranges of z; for j =1,..., M are bounded, we have for numbers co > 7 > v > 0.

Example 3.2. We can also consider the coefficient v to be characterized by a sequence of scalar random
variables {z;};>1 with

v(w x) = vz +sz (7)

where ¢; € L°(D;R) for j > 1, and z; : @ - R for j =1,2,--- are independent random variables
which are distributed identically and uniformly in [—1,1] such that the range of z; is in [—1,1]. Then
all realizations of the random vector z = (21, za,...) are supported in the cube [—1,1]N. Further, with
v* :=essinfyep vo(z) and some x > 0, the functions v; are supposed to satisfy

ZH%HLOO(DR) < 1—5—/1 :

j=1

This assumption implies that the fluctuations (resp., deviations) from mean of the random coefficient
v(z,w) in @ are dominated by the mean field, i.e., that they are small with respect to the deterministic
mean field. Then, we have

Vmax (W )*eSSSUPVo +Z|Z; w)| 195l L= (D),
€D

I/mln *V 7Z|Z] |||w]HL°C(DR)7

and the inequality in the right hand side of holds with v :=v* — {f-v* = H%KV*.



3.1 Well-posedness of state equation
We start with the well-posedness of (CS). In this regard, we consider for w € Q a.s., the following
auxiliary random linear parabolic equation
Oy — V- (v(w,z)Vy) + alt,x)y+ V- (b(t,z)y) = f(t,z,w) (t,x) € (to,to+T) x D,
y:O (t7x)€(t07t0+T)anv (9)
y(to) = yo(w, x) reD,

and define the following notion of weak solution.

Definition 3.1. Let (T,to,yo,f) € R* x Hp x L*((to,to + T);V!) be given. Then, a random field
y € Wp(to,to + T) is referred to as a weak solution of @D, if it satisfies

to+T

to+T
[ w0y |

to to

/ / VVy(t) - Veo(t) da dP(w) dt

wJD
to+T to+T
[ amengva= [ [ ] yap0 - Vedrap) a (10)

to

to+T
- / (0 vy dt  for all o € L2 ((to. to + T): Vi),

to
and y(to) = yo is satisfied in Hp. Here we use (-, -)vy v, = E[(;)v/ v].

In the following we present the existence result and various a-priori estimates for the weak solution
of @[) These estimates will be used frequently in the sequel.

Theorem 3.1. For every multiple (T,to,yo, f) € RZzo x Hp x L?((to,to +T); Vi) equation @[) admits a
unique weak random field y € Wp(to,to + T') satisfying the following estimates

091ttty + 190ty < €1 (0l + 11ty ) (11)
with ¢ depending on (T,7,v,a,b, D). Moreover, we have the following observability inequality

IyollF, < ca (1+T71 +N(a,0)) 1Yll72((t0,0047)5v%) + 1122 ((t0 0047 v2): (12)
with ¢y depending only on (T, 7, v, D).
Proof. From and Assumption A2 it follows that the sesquilinear form

b(t, ) = / / YV - Vi da dP(w) dt + (a(t)y(t), o()vs ve

_//y(t)b(t)-V@dxd]P’(w) Vi, ¢ € Vp,
QJD

is coercive and continuous. Thus there exist positive constants cmin, Cmax, and cg, such that for every
Y, € Vp and a.e. t € (tg,t9 + T) we have

[b(t, ¥, 0)| < cmaxl[Vllvellellve, and  b(t, 9, ) = caminl[W[IF — coll¥ll, - (14)

The rest of proof follows by using a Galerkin approximation with orthonormal basis functions {¢; ®
¢j}ij>1 C LA(Q;R) ® V = Vp and passing to the limit in the weak formations (10)), where {1;}; >1 and
{¢;}j>1 are orthonormal bases for the spaces L3(;R) and V, respectively. The energy estimate (11)
and are obtained with the same arguments as in [I, Proposition 3.2.].

O



3.2 Stabilizability of the controlled system

In this section, we study the stabilizability of with respect to the number of actuators. Here we
restrict ourselves to the rectangular domain, that is D = [0, Lg]* € R? and follow the arguments given
in [25] Theorem 4.1] and [24].

It is well-known that the Laplacian operator —A : H?(D;R) NV C H — H has a compact inverse
and, thus, there exists a nondecreasing system of (repeated accordingly to their multiplicity) eigenvalues
{a;}i>1 with its associated complete basis satisfying

0<a; <ag <---<q; = oo with — Ae; = g e;.

For any d > 1, we construct, by induction, a family of pairs (O, &) such that H = Oy @ Ex for
N, = o(N) := N%.

We start with the one-dimensional case, i.e., d = 1. For this case D = (0, L1) with L; > 0, and it has
already been shown in [23| Lems. 4.3 and 5.1] that L2(D;R) = Oy @ Ex, if we take N, = o(N) := N,
and for a fixed r € (0,1) define the following sets

En = 5][&] = span{egﬂv S N} C H3((0,L,);R)

Oy =0l .= span{lom i N} c L2((0, L1); R)
i N

2t — 1)L
), CB}V = %, 1€ N’7

_ ol o vl
WN AN g N TRN T 9N
where N := {1,2,3,..., N}. Further, for i € N, 1,0 denote the indicator functions with supports
iN
01[1]]\, and eg};\, are the first eigenfunctions of the Laplacian in L?((0, L1); R) under homogeneous Dirichlet
boundary conditions.
Now, we deal with higher-dimensional rectangular domains D = ><i:1(07 L,). Following the results

in [I5, sect. 4.8.1], it can be shown that the direct sum L?(D;R) = &y @ Of property (note that
EN ® Ox = On @ Ex) holds also true for the choice N, = o(N) := N¢ and the following setting

d
En := span {eiX,N(x) =X e£:]7s(xn) ci:=(i1,...,4q) € Nd} cVv
n=1

d
On = span {1O_XN(x) = X1 m (zn):i€ Nd} CH
i, n=1 in,N

m _ ol TLn @) | Tl m _ (2i—1)L,
Oz’,N_(CiN oN G N 2N)’ “%N T T 9N 1 €N,

d
Oiy(z) = X Oi[:],N(frnL ie N
n=1

7
5

where eg L]}V with i € N are the first eigenfunctions of the Laplacian in L2((0, L,,); R), i := (iy,...,iq) € N,

and x = (x1,2,...,24) € Xi:1(0’ L,). Moreover, for this choice of the pair (O, Ex), it can be proven,
with the same arguments as in [24, Section 5|, that for every N € Ny we have H = £y & Oy, and
QI3

By > cgN? with By := (15)

in ,
Qe(vnoin{or Q1%

where the constant cg is independent of N and Q. Figure |1} illustrates the supports of actuators for the
case d = 2 and different choices of N.
We have the following characterization from [23, Lemma 3.8] for the adjoint of the oblique projection.



Figure 1: The actuators supports for d = 2.

Lemma 3.1. Suppose that F and G are closed subspaces of H, for which H = F & G holds. Then for
the adjoint operator of PgL € L(H), we have (PEL)* = PgL,

In the next theorem, we investigate the stabilizability of the following control system

Oy — V- (V(w)Vy) +alt,z)y + V- (b(t)y) = Yy wi(t)lo, (t,x) € (to,00) x D,
y=0 (t,z) € (tg,00) x OD, (16)
y(to) = yo(w) x €D,

for almost surly w € €.

Theorem 3.2 (Uniform stabilizability of ) For each pn > 0, there exists an integer N* € Ny such
that for every N > N* there exists a feedback control vector U(y) = (u1,...,un) € L*((to,00); UY) =
L3(R) @ L2((to, 00); RY) for system whose associated state satisfies

lyO7r, < e yoll, — for all t >0, (17)
for any given (to,yo0) € R>o x Hp.

Proof. We set as the feedback control law
N
- .f EN A POV
Zui(t,w)loi = = AP,N APg My(t,w) forae. t>0as weQ, (18)
i=1

with ) ) ) . - oL
ll(y) = (ul(y)77u1\7(y)) = _)‘IPONAPSN y(taw)7 (19)
where Z : On — RY stands for the canonical isomorphism, and the numbers A > 0 and N € N are

specified below. Inserting in equation , multiplying with y, and integrating over D, we obtain
for almost every ¢ > 0 and almost surely w € €2 that

) 3 + ({0, ) V(1,0 Tyt ) + (alt)y(t, ), 9t vy 0
— (y(t,w), b(E) - Vy(t,0))vrv + MPEY APENy(t,w), y(t,w))vyr = 0

From now on, we omit w for simplicity, i.e. y(t,w) = y(t). From and using A1, it follows that

%Hy(t)\\% < = 2vmin (@) O + 2[a(t)y(t), y(O)v-v]

+2|(b()y(t), Vy () u| + 2>\<PéiAngvy(ta w),y(t,w))v v

8



We use the following decomposition
. Ox En
y=0+¢ withf:=PFP; Yy and ¢:=Pj, Ly,

which is justified due to the definition of the oblique projection. Further, since 8 € &y C V, then

€
A6 € V'. Thus, the operator Pé% can be considered as its unique linear extension to V’. That is

PéfiAH € Oy C H C V' and we have
£ Ox
<P(’)NA97U}>V’7V = <A9, PSN w)v/’v for all w € V,

€1
which is well-defined due the fact that ng Nw € Eny C V. Thus, we can write

€1
~(Poy A, y)vrv = —(A8,6)vv = (6] (21)
From and , its follows by repeated use of Young’s inequality that

d 2

pridollrt

< = 2umin (W) Ily(O I + 2 a(O)y(t), y(O)v v | + 20Oy (1), Vy(t) ul — 2X[10@)]
~2min (@) [y I + 2eN (a, b)lyO) |z ly(@) v — 201

< )00 + (0l + - Do(0) + (o)l — 2181} (22

~Vanin (@) (10 + Ie(®F) + Vanin(w) <H1||9(t)|3/ + ;Ilw(t)li)

02 2 a 62 2 a
+ 28D ()13 + 1) + ) (el + )1 ) - 201001

where c is a generic constant that depends only on D, and the numbers x; > 0 and x2 > 0 can be chosen
arbitrary. Setting k1 = ko = 2 in the above inequality, we obtain

3c>N?(a, b)

| /\

IN

mln(

d
@Ily(t)llfg < = (2A = Vamin(W)) 1017 + (@) 1011 o
min 3 2N2 s b
ool + 252D ol < - o NI - 0N N0l
where the constants ©¢ and ©, are defined by
o 3c2N?(a,b)
@9(&)7]\7, )\) = (2)\ — Vmin((/.))) a1 — m7 (24)
o Vmin(w) 302'/\/2(0’3 b)
th(w7N7 >‘) = 9 ﬂN - 2Vmin(w) 5 (25)

with By given in and a7 as the smallest eigenvalue of the Laplacian with homogeneous Dirichlet
boundary conditions.
Choosing N* and A* such that

2072 1 2072 —

BN*>* 4p +M and A\ > — 4N+M +Z.

2v 201 v 2

We can infer for every N > N*, X > A\* that Oy(N, ) > 4p and O,(N,A) > 4u. Therefore, together
with we obtain

(26)

%Ily( 7 < =Oo (N, MIOW)IE — O (N, N le®)Fr < —4pll0(®)1F — ulle ()17
< =2u (1017 + I +200(8), o(8) 1) < =2ull0(t) + ()7 < —2plly(®)I17;,

(27)
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for a.e. t >ty and w € Q a.s.. Integrating over interval (tp,t) we obtain that
ly(t, )l < e 2y (to, w)lIF = e lyo ()] w € Q for as. . (28)
Finally, integrating over ), we obtain
()7, = E [ly@)1F] < e 2 CE [ly(to)lF] = e |lyoll . -
This together with the fact that @ € L?((to, 00); UZ') (see (19)) completes the proof. O

Remark 3.1. Assume thatb =0 anda € L*((0,00)x D;R). Then, by replacing the term cN (a, b)||y(O) ||l g lly(E)[lv
with ||al| L= ((0,00)x D:&) [|4(E) |3 in the third line of and following the same lines of computations as
above, (24) and can be expressed as

Og(w, N, A) := 2 (A = Vmin(w)) a1 = 6|a| o ((0,00)x DsR) s
Oy (w, N, A) := Vnmin(w) BN — 3a| Loo ((0,00) x DsR) -

Hence, for any given rate p > 0, the stabilizability result holds for N* and \* satisfying
1 . 1 _
B+ > ” (4 + 3llall L~ (0,00)x DR))  and A" > o (20 + 3llall Lo ((0,00) x D)) + 7 (29)

3.3 Stability of stochastic RHC

In this section, we investigate the stability of the receding horizon algorithm [I| Our theoretical results
are expressed in terms of the finite- and infinite-horizon value functions and are based on the stability
result given in the previous section.

We have the following stability result for the stochastic RHC u,;, obtained by Algorithm [I] with
U = U} and the choices of £(t,y) = ||y||? and £(t,y) = ||y||3, for almost every t € (0, 00).

Theorem 3.3. Suppose that D C R? with d > 1 is a rectangle. Then for every choice of £(t,-) = || - ||,
or U(t,") = || - |%, there exits an N* = N*(a,b,v) € N such the RHC computed by Algorithm 1| with
U .= U]év is, for every N > N* and set of actuators 1o, with i =1,...,N given in the previous section,

suboptimal and stabilizing. That is for every given 6 > 0 there exist numbers T* > §, and « € (0,1),
such that for every fized prediction horizon T > T*, and every yo € Hp the control u,), € L*((0,0); Uﬂf,V)
provided Algorithm [1] by satisfies the suboptimality inequality

Voo (o) < oo (Urn; 0,90) < Vr(0,90) < Vio(yo). (30)
Furthermore, we have
Hy(t)HfLIr —0 ast— oo, (31)
for the choice of £(t,-) = | - ||%, and
ly)7r, < e eellyollt,  fort >0, (32)
for the choice of U(t,-) = | - ||3,, where ¢ and c. are independent of yq.

Proof. Algorithm [l| corresponds to the receding horizon framework introduced in [I] for time-varying
linear evolution equations adapted to the spaces Vp < Hp < Vj. The stability of this framework is
based on the three key conditions which we will verify here. The rest of the proof follows with the same
arguments as given in [I, Theorem 2.6].

P1: For every positive number T, V is globally decrescent with respect to the Hp-norm. That is,
there exists a continuous, non-decreasing, and bounded function vy : R>¢ — R>( such that

Vr(to, 5o) < v2(D)lFoll,  for all (fo, %) € R0 x Hp. (33)

10



It is sufficient to chose N* € N as the smallest number for which

3c2N?(a,b
- > 2

holds. In this case, for almost surly w € Q, we have

3¢ N2 (a, b)
61\]* g Vr?ﬂin(w) ’
and we can use Theorem [3.2] to verify the stabilizability. Indeed, setting @ € L?((0,00); U2') as in
for any N > N* and A > \* with

(34)

1 3c2N?(a,b) v
A= — (4 _ - 35
Sa, ( 1+ 5 ) + 35 (35)
we obtain for the rate
v 5 3c*N?%(a,b)
,U = 8 N* 722 .
Further, for this control we can write
_ _ o T Ex O -
u(y(t,w)) = (u(y(t,w)), ..., un(y(t,w)))" = —AIP5Y APg Mij(t,w), (36)

where Z : Oy — RY denotes the canonical isomorphism. For the control @ and its associated state
g = y(u) it holds that

to+T to+T
Vel <5 [ Bl gl as s [T E a0l

to

and, depending on the choice of ¢, we have the following cases:
First case ((t,-) = || - ||%: Using the fact that

Ex Ox .
[ Poy APe M2y < cp and [[Z]|zon ry) <6

for positive constants cp and ¢, we obtain with that

_ 1 to+T B ) B
Vetom) <5 [ (1901 e+ A3k o)) de

\ge w0 (37)
14 Agece _ _ _

ST E (1= e 5ol =2 v2(D)lgol s,

Second case ((t,-) = || - ||¥: In this case, with standard energy estimates, we have for almost every

t € (to,to +7T') and almost surly w € §2 that

N

9@ + 2lgON < eN(a,0)lgOlalg®llv + 11D altw)1o,
=1

i|
2dt

ml|y(O)llm

_ v, _ 1 _
< esla®I% + S1aOI% + 1@z,

N | =

where ¢ := (%NQ(Q, b) + N maxi<;<n || 1o, ||§{) . Integrating over Q and (fo, fo+T'), together with (37),

we obtain

Eo +T ) 1 B ) EO +T ) Eo +T )
[ o< (1@, ves [ woras [ B o) @
to = to to

- (38)
1 cs + Aé“ce _ _
<2 (14 TR ) )
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Finally, using , we have

Iy 1 fot™ 2 2 2 2
Vo) <5 [ (001, dt + A3 o) ) de
to
2 2
< i (1+ ¢s + A(1 + Br)ciep
2v H

P2: For every (fo, 3o) € Ry X Hp, every finite horizon optimal control problem of the form
admits a solution:

The objective function Jr(u; g, yo) is strictly convex, coercive, and nonnegative. Hence it is weakly
lower semi-continuous and existence of a unique minimizer to follows from the direct method
in the calculus of variations, see e.g., [12, Theorem 1.43].

Since P1 and P2 hold, we are in the position that we can apply [I, Theorem 6.2] and thus holds.
It remains now to show that and are satisfied.

First, we deal with . This follows using the same arguments given in the second part of [I
Theorem 6.2] together with Property P3 stating:

P3: For every T' > 0, Vr is uniformly positive with respect to the Hp-norm. In other words, for
every T' > 0 there exists a constant v1(7") > 0 such that we have

(1 e-~T>) 150113, = 12(T) 0%

Vr(to,50) = 71(D)llgollE, — for every (fo,5o) € Rxo x He. (39)

We will next verify this property. For any arbitrary given (fo, 7o) € R>o x Hp and control u € L?((to, o+
T); ULY), we have by that

2 1 fot T 2 o+l N 2
lg0l3 < ex(1+T7" + N(a,b)) / I3, dt + / 1> wito, Iy dr.
=1

to tO

Together with the estimate

N

to+T to+T N
[ I atoedt < im [ 13 uito,
to to i=1

i=1

2

) to+T )
< iy N max 1o, / E [[a(f3,] d,
-1
we obtain with 1 (T) := (max {202(1 + T+ N(a,b)), %(iHP,VﬁNmaxlgigN ||101||%I)}) , where

if,,v, is the embedding constant from Hp into V. Therefore P3 holds and this completes the verification

of .
Next we prove that holds. Using and (33), we can write

272(T)

< 2’}/2 (T)

|l i< 22Dl and B fua@] o< 22Dl o)

Further, with standard energy estimate we have for every t > ¢ty that

t 2 (e%e]
C
IIym(t)Ilpr+£/ lyen ()13, dt < llyol7, + (N2(a7b)+N max |10, %r)/ [yen ()17, dt
0 v 1<i<N 0

+ / E [lun(®)2,] dt < collyol2.

where cg := (1 + QU#W) with c5 := (%/\ﬂ(a, b) + N max;<;<n ||1o, ||%{) . Thus, we can conclude
that 0
ce
yrn e 0,00):112) < CollollFy,  and /0 lyrn 1% < = llyoll 7 (41)
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Further, we have for every ¢/ > ¢’ > 0 that

oo = oo €, = 5 om0 .
" N
=2 /t’ E l<yrh(t)’ VAyTh(t) - a(t)yrh(t) -V (b(t)yTh(t)) + Z(uTh)i(t)]'Oi>V,V"| dt?

t//
Sy / lyen (£)]12, dt
t

’

t//
+2/ E
t/

t//
< 9N (a,b) / o ()1 v e ()
tl

N
(=a(®)yrn(t) = V- (b()yrn(t)) + Z(urh)i(t)loﬂyrh(t»v,w} dt,

i=1 (42)

tll
1
2N ma 110,030 [ lom(®lzamn lorn ()

t// 1 tl/ l
lyon ()]12,8) ¥ ( / lyen(®) %, d)
t/

ny

<N [

!
ny

1 1 1
E [Jun(t)f3,] dt)*( / lyen (8) 3. dt)* < erllyoll3, (¢ — )7,

t/

1 1
%I)%cg (M) ) and ( and . were used in
the last inequality.

The rest of proof follows the same lines as in the proof of [I, Theorem 6.4] based on and . O

2 \1
+2(N max, 110, [7)? (/

t

where c7 1= 2 (N(a,b)u2106 + (

3.4 Failure Probability

In this section, we are concerned with the failure probability for the receding horizon framework. For a
given number of actuators N, we compute an upper bound for the probability of the case, in which the
stabilizability of the stochastic RHC computed by Algorithm (1] with(U := U2') and the deterministic
variant of Algorithm [1] ([T Algorithm 1.1]) with control U := R" are not guaranteed.

Concretely, let N € Ny be a given number of actuators. Recalling the proof of Theorem it can
be seen that the condition P1 and, particularity, inequality are essential. Therefore, P1 and the
stabilizability of the controlled system may fail if

mm( )BN < 3C2N2(a b) (43)

In this case, for a given yg € H, the existence of a stabilizing deterministic control u,;(w) € L2((0, 00); RY)
with respect to H-norm which is suboptimal in the sense of . for

min _ JY(u;0,y0) / L(t,y(t))dt + ﬁ/ (t)[7,dt, (44)

ueL2((0,00);RY)

and also, for any given yo € Hp the existence a stabilizing stochastic control u,;, € L?((0, 00); Uﬂﬁv ) with
respect to Hp-norm which is suboptimal for

min g0 =5 [ EEes@] g [T E uoR] @ (45)

ueL?((0,00);UL)

are not guaranteed for either of the choices of £(t,y) = |ly||} and £(t,y) = ||ly||%. Therefore, the failure
probability, for both of the above problem formulations, can be expressed by

P [uiﬂn(w)ﬁﬁ < 302N2(a7b)] =P [Vmin( ) < 3ch\/(a b)B< ﬂ (46)
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We consider now both Examples [3.1] and
: M
Example Setting I'(w) == >, |2 (w)[[[¢j| L= (D), we have

P [uminw) < 35N (a, b)gﬂ =P [exp(ff(w)) < 33cN(a,b)BoE — 4 . (47)

1
where 3%(:./\/(a,b)ﬁ]v2 — v > 0 since otherwise is not valid. Using , , , and Markov’s

inequality, we get

SIS

P {umm(w) < 3%cN(a,b)By } =P [—P(w) < log (3%cN(a7 b)3y? — Z)}
1
33N (0, 0)8y" — v

—v) <E[eT] ((;) ' N (a, )N~ — ,,) .

1
where E [e!'] is bounded and without loss of generality, we assumed that 52 (1 +v) > 32¢N(a,b). Here
we recall that Sy — oo as N — .

Example Setting I'(w) := Z;‘;1|zj (W)[l%5l Lo (D), We obtain

log (3%a/\/(a,b)ﬂ§% —z)
e

=P |I'(w) > log <El[e]

N|=

=E[e"] (i%%cj\/(a7 b)By

P [vmin(w) < 3 eN(0,0)85% | =P [[(w) > v* = 32eN(a, )57 ] (48)

N|=

where, recalling that Sy — oo as N — oo, we assume that v* — S%CN(CL, b)g

> 0. Using , ,
, and Markov’s inequality, we obtain

~
P [vimin (@) < 32eM (a,0)8*
. BN TsiElal il
T 3teN(ab)pgt v (S)EeN (g )N

|=P[r@ zv - 3%cN(a,b)5‘ﬂ

N

4 Parabolic PDEs with log-normal diffusions

In this section, we study the case of log-normal diffusions defined by

v(w,z) = exp(g(w, z)) (49)

with g a Gaussian random field with zero mean. This class of diffusions is used in many applications,
including those related to subsurface flow modeling and hydrology. More precisely, for each = € D, g(z, -)
is a Gaussian random variable, and thus 0 < v(w,z) < co for each w € . However, for any € > 0 we
have P[v(-,2) > e~1] > 0, and thus its corresponding elliptic operator is not uniformly bounded from
above over all possible realizations of w. We also have P[v(-,z) < € > 0, so the corresponding elliptic
operator is not uniformly elliptic either.

Assumption 4.1. Throughout this section, we impose the following conditions:

Al: There are random variables viyin, and Vmax, such that
0 < Umin(W) < v(w,z) < Vpax(w) <00 for a.e. x € D and a.s. w € Q, (50)
where Vmax(w), %(w) € LY(GR) forp € [1,00).
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A2: We also assume for a and b that
a € L*((0,00) x D;R) and b = 0. (51)

As an example for the diffusion constant with the log-normal distribution satisfying Assumption [{.1]
we refer to [10] [13] 26].

Example 4.1. We set g(w,z) = 372, zj(w);(z) in ([9), where the functions ¢; € L*(D;R) for
j=1,2,... are such that Zj’;l 1% ()| o (D;r) is finite and the random variables z; are i.i.d, standard
normal random variables, that is, z; ~ A(0,1) in R. For describing the resulting random field we set
F = ®;’il B(R), where B(R) is the Borel o-algebra in R. In this case, the probability measure can be
expressed as the Gaussian product probability, that is, P := ®J°i1 N(0,1). For the well-posedness of
v in ([A9), we restrict z to be in the set Q := {z € RY : > 1Zilll0] e (p)y < oo} In this case, Q is
F-measurable, and P(2) = 1 holds. Further, for every w € {2, the following quantities are well-defined

o0 oo

Vmax(w) = exp(D_ |z @)1= (0)), V(W) = exp(= D[z (@)l1¢5] 1 (p)), (52)

Jj=1 Jj=1

and satisfy Al in Assumptions See [4, 26] for more details.

4.1 Well-posedness of state equation

For the log-normally distributed diffusion, the existence is more delicate. In fact, due to lack of integra-
bility, we can not use the weak formulation directly. In this case, first, we show that the solution
y(w) € W(0,T) exists for w € Q a.s., then we justify the measurability and integrability of the mapping
y:Q— W(0,T) with w — y(w). The latter relies on controlling the integrability of all constants in the
estimates.

Theorem 4.1. Suppose that Assumption holds. Then for every given (to,T,yo, f) € R:y x H x
L?((to,to + T); H) equation @ admits a unique solution y € Whp(to,to + T') salisfying the following
estimates

W ot 781 + 10t oy < 3 (ol + 1ot myian) ) (53)

with c3 depending on (T, a,b, D,Q). Moreover, we have the following observability inequality

Hy0||%1 < C4Hy||%2((t0,to+T);Vy) + ”fH%?((to,toJrT);H)’ (54)
with ¢4 depending only on (T, a,b, D,<).

Proof. The proof is mainly inspired by the arguments given in [10] for the well-posedness of the elliptic
PDEs with log-normal diffusion. It follows the following steps: First, for each w €  a.s., we consider
the unique solution y(w) € W(0,T) and derive the estimates for the resulting family of solutions. Next,
we show that y(w) is measurable with respect to w. Finally, we show the integrability of this solution.
Throughout, ¢ is a generic constant that is independent of w.

Using standard arguments for deterministic parabolic PDEs, it can be shown that for w € Q a.s.,
admits a unique weak solution y(w) with

d

ﬁ”y(wvt)ﬂir + Vanin (W) [y (@, )15 < llall Lo ((0,00)x D) 9w, )T + (F(£), y(w, )

55
< (1 + 2||a||L°°((O,oo)><D;R)) ( )
- 2

Using Gronwall’s inequality we obtain for every ¢ € [to, g + 1] that

Iy % + 5 1F O

ly(w, )17 + 20min @)1 (@) 172 (10,0021

< coxp(T(1 + 2all e o000 emm)) (0l13 + 1B ot
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Therefore, we can infer that

C
I Eautorrivy < 5y (1ol + 15 W sy (56)
Similarly, we can write

102ty < € (Vo) + 10 0,00y x 0 ) 1832 00 0470y + W (10,004 70580
PR ®))

2 2
2 (ool + 17 a0 )

and thus, together with we have

)y 0.y < colw) (lsollr + 113200 s ) (57)

where c.(w) := %a()‘“))

Next, we show the measurability of the solution operator. To do this, we show that y is a.s. the
limit of a sequence of measurable functions. One can adapt the proof given in [10, Theorem 3.4]. Hence,
we just sketch its main idea here. We first define, for every n € N, the sequence 2,, C ) for which the
diffusion coefficient is uniformly bounded

1
Oy i={w € Q: vpax(w) < n and vy (w) > E} c Q. (58)

Then {Q,}, is increasing with € = U,en$,. Further, invoking Theorem [3.1] it follows that has
the unique solution y,, € L;‘;‘Q (Q; W (to,to + T')) where P|q,, stands for the restriction of P to €,. This
solution can be extended by zero to the solution defined on the whole of Q, which we denote again by
Yn- By definition, y, is measurable. Further, due to the fact that Q = U, en$2,, that y, solves for
w € Q, a.s., and by uniqueness of the solution, the function y is the a.s. limit of measurable functions
{Yn }n, and thus it is also measurable.

Now, we are in a position where we can show the integrability of the solution. Using A1 in Assumption
4.1 we integrate over €2 both of sides of , and conclude that

913 w0y < @) (ol + 1 1o tomian) )

for every p € [1,00), and a constant ¢(p) > 0 depending on p, using that c.(w) is p-integrable. In
particular, due to , inequality holds for p = 2 with a constant ¢z := ¢(2) > 0.

We next verify the observability estimate . Multiplying @D by %y(t), integrating over
(to,to +T), and using Young’s inequality, we obtain for w € 2 a.s.

2 1 fot T 2
lonlly = 7 [ ot 1y e
to

to+T _
w2 [ O )y O + (@00, )y SOyl DDy )t (59)

to+T to+T
< (T + Vinax(w) + 1+ ||aHL°°((O,oo)><D;R))/ ly(w, )l dt+/ ()13 dt,

to to

where ¢ > 0 depends only on D. Setting ¢,(w) := ¢ (T + vmax(w) + 1 + ||al| L ((0,00)x Dsk) ), dividing
by ¢,(w), and integrating over €2, we obtain and the proof is complete. O
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4.2  Stability of deterministic RHC

According to Theorem the well-posedness of the state in Wp(0,T) for the log-normal diffusion, is
justified only for deterministic initial and forcing functions. Due to the lack of integrability (see (57)),
it is not clear how it can be extended for the random fields as initial and forcing functions. Therefore,
first, at any time instances t; of the receding horizon framework, we turn the random fields y,4(¢;,,-) to

a deterministic initial function go(-) = (E [yra(t;, ~)2})% by computing average of the squared function
with respect to w. Then we plug this deterministic initial function into the online open-loop problem.
In this regard, we have modified and changed Algorithm [I] to develop Algorithm 2l Further, we need to
restrict ourselves here to a deterministic control and, thus, for every gy € H we consider the following
performance index

J o - 1 to+T ) ﬁ to+T )
(Wi to, %o) := 5 . E HyOIv] dt+ 3 : lu(t)[7,dt. (60)
0 0

In the next theorem, we investigate the stability of the control obtained by Algorithm for U := RY and
(ty) = Nyl -

Algorithm 2 Robust RHC(9,T') for the log-normal diffusion

Require: The sampling time §, the prediction horizon T > 4§, and the initial state yg
Ensure: The stability of the RHC u,.
We proceed through the steps of Algorithm [I] except that Steps 1, 4, and 5 are replaced by:

1. Compute E [yg(x)} for x € D and set (o, 7o) := (O, (E [yg])%) and y,.,(0) = yo;
4. Compute E [y,4(to + 0,2)?] of the state for any € D at time &y + 6;

_ _ _ 1
5. Update: (fo,%0) <+ (to + 6, (E [yrn(to + 6)?]) 2);

Theorem 4.2. Suppose that Assumption [{.1] holds and

Unin(w) + essinf{a(t,x) : (t,z) € (0,00) x D} > 0, forw € Q a.s.. (61)
Then, for N > 1 with the set of actuators {1o,}X., given in Section , Algom'thm@for 0t =113

is suboptimal and stabilizing. That is, for every given § > 0, there exist numbers T* > 0, and « € (0,1),
such that for every fived prediction horizon T > T*, and every yo € Hp, the RHC u,;, € L?((0,00); RY)
satisfies the suboptimality inequality and exponential stability result .

Proof. The proof is similar to the one of Theorem and is based on the arguments given in [I, Theorem
2.6]. To be more precise, we need again to verify the properties P1-P3 given in the proof of Theorem [3.1
with respect to the H-norm in place of the Hp-norm. After verifying P1-P3, according to the construction
(see Steps 1, 4, and 5) of Algorithm [2| it can be easily shown that and hold at every time
instance t; = id for y,,(t;) with respect to the Hp-norm, that is, Vi (t;, yrn(t;)) < ’YQ(T)”yrh(ti)”%{P and
Vo (ts, yen(ti)) = 1 (T)llyrn(t:)||7;, hold for every i = 0,1,2,.... The rest of the proof can be completed
along the routine of the proof of [I, Theorem 2.6]. Therefore, we will confine ourselves here to the
justification of properties P1-P3.

To verify P1, we set u:= 0 in and define D(w) := vpin(w) + essinf{a(t,z) : (t,z) € (0,00) x D}.

Then using the standard energy estimates, we obtain for any (fo,7) € R2, and g, € H that

a

5 7(w, )||3 + D(w)||7(w, t)||% <0  for almost every t > £,
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Thus, we have for w € € a.s. that
5w, )17 < e 2201 go| 3. (62)
Integrating over (fg, %o + 1), we obtain

~ ) - 1_6—2ﬁ(w)T - - 1 -
||l/(w)||L2((£0,EO+T);H) = T(W) IFoll7r < WH?JOHH'

Thus, similarly to 7 we can write

1 llall Lo ((0,00) x DsR)

_ o L ) 2
||y(W)||L2(({0,Eo+T);V) S m”yOHH + Vmin(CU) ||y<w)HL2((fo,fo+T),H)
1 @l o ((0,00) x DsR) 9
< R ; B .
~ (QVmin(w) + QQ(W)UmIH(W) HyOHH
Integrating over w € 2, we obtain
— 2 _ 2 ) 2
||yHL2((fo,fo+T);VJP)) = ”y||L§(Q;L2((EO7fO+T);V)) < ¢sllollsr, (63)

where the integrability of anll ™) and ﬂ(w)u}nm(w)

is justified due to and Al in Assumption Setting
u:=0in and using (63]), we arrive at

B 1 fo+T ) ﬂ E()+T ) Cs 9
Vet <3 [ E[aOR] d+ g [ Rk < Sl
to

to
for a positive constant ¢, > 0. P2 and P3 follow with similar arguments as in the proof of Theorem
using the inequalities and (54)), respectively. O

Remark 4.1. Condition might be considered restrictive from the stabilizability point of view. How-
ever, while the uncontrolled system is stable, the exponential stability is not clear due to the lack of inte-
grability (see (62))), since ' is not uniformly bounded away from 0. Further, since vmin(w) can be really
small and arbitrarily close to zero for some realization of w € €, the stability can be quite slow. However,
using Algorithm [§ we are able to stabilize the system exponentially independent of all the perturbations
of the dynamics caused by all possible realizations of the random variable v.

4.3 Failure probability

Similarly to Section [3.4] under Assumption we derive an upper bound for the probability, where the
stabilizability of receding horizon framework for both problems and is not guaranteed. Due to
in Remark the stabilizability may fail if

Vmin(‘*’-})ﬂlv < 3||aHL°°((O,oo)><D;]R)a

holds. Thus, setting I'(w) := 3772, |2 (w)|[|4; | Lo (D), We can write for the diffusion defined in Example
[4.3] that

P [tmin (@) By < 3llall Lo ((0,00x Dir)] =P [Vmin (@) < 3llall Lo ((0,50)x Di®) By ]

_ Br
=P [-T(w) < log (3lall Lo ((0.c01x D-R) B :]P’[szlo( .
[—T'(w) <log (3[|all = ((0,00)x Dsm) B )] (w) > log Sl omim

Further, for every kg > 0, we can write

. —rolog( - fx Y’
P |:F(CU) > log ( ﬁN ):| <E [eHoF2:| . ol g(sHaHLoo(((J,\TOQMD;R)) ) (64)

3llall Lo ((0,00)xDsR) /|

18



where we have used the Markov inequality in the last step and we have assumed that S5 > 3||al| L ((0,00)x D;R)-
Note that due to Fernique’s theorem [8, Theorem 2.7], there exists ko > 0 such that the expectation of
the double exponential in the left-hand side of is bounded. Then, we can conclude that

—wologf o BN ?
e 0 0g<3H‘L||LOO((O,oo)><D;R)> — O(/B]?[p(gHa/||L°°((O,CXD)><D,R))p) (65)

for every p € [1,00). This follows from the observation that for every x > 0 and p,x € [1,00) we can
write

erlos(@)® > Cp2? & rlog(z)? > log(Cy) + plog(z) <« klog(x)? — plog(z) > log(Cp)

for a constant C), > 0 depending only on p. Further, the function f(y) = ry? — py is lower bounded by
—p/(4r), that is, minyeg ky*> — py = —p®/(4x). Then, it follows that for every p,z € [1,00), we have

2 2
er1o8(2)” > ¢~ % xP. Hence, the existence of C,, is justified by setting C,, := e~ %= . Finally, using and
, we conclude that

P [Vmin(w)ﬂﬁ < 3||a||L°°((0,oo)><D;R)} = O(N72p(8,513”a”[/°°((0,00)XD;R))p)

for every p € [1, 00).
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