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THE CHARACTERISTIC IMSET POLYTOPE OF BAYESTIAN
NETWORKS WITH ORDERED NODES

JING XI* AND RURIKO YOSHIDAY

Abstract. In 2010, M. Studeny, R. Hemmecke, and S. Linder explored a new algebraic descrip-
tion of graphical models, called characteristic imsets. Compare with standard imsets, characteristic
imsets have several advantages: they are still unique vector representative of conditional indepen-
dence structures, they are 0-1 vectors, and they are more intuitive in terms of graphs than standard
imsets. After defining a characteristic imset polytope (cim-polytope) as the convex hull of all charac-
teristic imsets with a given set of nodes, they also showed that a model selection in graphical models,
which maximizes a quality criterion, can be converted into a linear programming problem over the
cim-polytope. However, in general, for a fixed set of nodes, the cim-polytope can have exponentially
many vertices over an exponentially high dimension. Therefore, in this paper, we focus on the family
of directed acyclic graphs (DAGs) whose nodes have a fixed order. This family includes diagnosis
models which can be described by Bipartite graphs with a set of m nodes and a set of n nodes for
any m,n € Zy. In this paper, we first consider cim-polytopes for all diagnosis models and show
that these polytopes are direct products of simplices. Then we give a combinatorial description of all
edges and all facets of these polytopes. Finally, we generalize these results to the cim-polytopes for
all Bayesian networks with a fixed underlying ordering of nodes with or without fixed (or forbidden)
edges.

Key words. graphical model, characteristic imset polytope, diagnosis model, Bipartite graph,
directed acyclic graphs.
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1. Introduction. Bayesian networks (BNs), also known as belief networks, Bayes
networks, Bayes(ian) models or probabilistic directed acyclic graphical models, find
their applications to model knowledge in many areas, such as computational biol-
ogy and bioinformatics (gene regulatory networks, protein structure, gene expression
analysis [4] learning epistasis from GWAS data sets [B]) and medicine [I5]. BNs are
a part of the family of probabilistic graphical models (GMs). These graphical struc-
tures represent knowledge about probabilistic structures for a statistical model. More
precisely, each node in the graph represents a random variable and an edge between
the nodes represents probabilistic dependencies among the random variables corre-
sponding to the nodes adjacent to the edge [7]. BNs correspond to GM structure
known as a directed acyclic graph (DAG) defined by the set of nodes (vertices) and
the set of directed edges.

In order to infer parameters from the observed data set, we first apply a model
selection criterion called quality criterion, which provides a way to construct highly
predictive BN models from data by choosing the graph which gives the given criteria,
such as Bayesian Information Criteria (BIC) [10] or Akaike Information Criteria (AIC)
[1], maximum (see [12] for more details on quality criterions). Intuitively a quality
criterion is a function, Q(G, D), which takes a DAG, G, and an observed data set, D,
to evaluate how good the DAG G to explain the observed data D. Note that different
DAGS, G1,G2 may have the same conditional independences (Cls). In that case we
say G1,Gs are Markov equivalent. When researchers wish to infer the CIs of the BN
structure from the observed data set one represents each set of Markov equivalent
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graphs by one graph called the essential graph the corresponding Markov equivalence
class of DAGs [2]. In this paper we focus on quality criterions Q(G, D), such that
Q(Gy,D) = Q(G2, D) if and only if Gy, Gy are Markov equivalent.

Since in general there are super exponentially many essential graphs with a fixed
set of nodes N, maximizing the quality criterion, Q(G, D), over all possible essential
graphs with N is known to be NP-hard. Studeny developed an algebraic representa-
tion of each essential graph G called a standard imset, of G, which is an integral vector
representation of G in R2™'=INI=1_ From the view of this setting a criterion function
Q(G, D) is a dot product of vectors in R2™=INI=1 Ty 2010, M. Studeny, J. Vom-
lel, and R. Hemmecke showed that maximizing the Q(G, D) over all essential graphs
can be formulated as a linear programming problem over the convex hull of standard
imsets for all possible essential graphs [14]. This gives us a systematic way to find
the best criterion with the optimality certificate rather than finding the best criterion
by the brute-force search. Then M. Studeny, R. Hemmecke, and S. Linder explored
an alternative vector representative of the BN structure, called characteristic imsets.
Compare with standard imsets, characteristic imsets have several advantages: they
are still unique vector representative of conditional independence structures; they are
0-1 vectors; and they are more intuitive in terms of graphs than standard imsets [13].

In general, however, the dimension of the convex hull of the characteristic imsets
with the fixed set of nodes N, called a characteristic imset polytope (cim-polytope), is
exponentially large and there are double exponentially many vertices (cim-polytope)
as well as facets of the cim-polytope. Thus it is infeasible to optimize by software if
|N| > 6. In order to solve the LP problem for a larger |N|, we need to understand the
structure of the cim-polytope, such as combinatorial description of edges and facets of
the polytope so that we might be able to apply a simplex method to find an optimal
solution. However, in general, it is challenging because there are too many facets and
too many edges of the polytope. Therefore here we start with a particular family of
BN models, namely diagnosis models.

In medical studies, researchers are often interested in probabilistic models in order
for them to correctly diagnose a disease from a patient symptoms. The diagnoses
models, also known as the Quick Medical Reference (QMR) diagnostic model, is
introduced in [I1] to diagnose a disease from a given set of symptoms of a patient.
Therefore, here we focus on diagnosis models (e.g., [9]). Under this model, a DAG
representing the model is a bipartite graph with two sets of nodes, one representing
m diseases and one representing n symptoms, and set of directed edges from nodes
representing diseases to nodes representing symptoms (see Figure for an example).

In this paper, first, we are able to find an explicit combinatorial description of
all edges of the cim-polytopes for diagnosis models with fixed m and n, that is, if
G1, G2 are graphs representing two diagnosis models such that all symptoms have
the same parents in G; and in G5 except one symptom, then the characteristic imsets
representing G, G form an edge of the cim-polytope for diagnosis models. Then we
prove that these cim-polytopes are direct products of n many (2" — 1) dimensional
simplices, and an explicit description of all facets of them can be given based on this
structure. Finally we generalize these results for the cim-polytopes for BNs with a
fixed underlying ordering with or without fixed (or forbidden) edges.

This paper is organized as follows. In Section [2] we introduce notation, and we
state some definitions as well as propositions and their proofs. Section [3|shows the de-
scription of the cim-polytopes for diagnosis models and Section [4]shows the description
of the cim-polytopes for Bayesian networks with a fixed underlying ordering. Proofs
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of some of properties, lemmas, and theorems can be found at Section [ Section [6]
and Section [l We end with a discussion of our future work in Section

2. Definitions and propositions for diagnosis models. In this section we
state some notation and remind readers some definitions.

DEerFINITION 2.1. A Diagnosis Model can be described by a Bipartite Graph
whose nodes N = {a1,...,am} U {b1,..., by} can be divided into disjoint sets A =
{a1,...,am} and B = {by,...,by}. Nodes in A can be interpreted as diseases and
nodes in B can be interpreted as symptoms. Every single edge can only be drawn from
a disease to a symptom. An example is given by Figure [2.]]

For fized A and B, where |A| = m and |B| = n, we define notation: Gp, n = {All
possible directed bipartite graphs defined in Definition based on A and B}.

& &6 &G ©

FIGURE 2.1. An example of Bipartite Graph, m = 3, n = 6.
Recall that we have the definition of Characteristic Imset.

DEFINITION 2.2. Let G be an acyclic directed graph over N. The characteristic
imset for G can be introduced as a zero-one vector cg with components cg(S) where
S CN, |S| >2 given by

cq(S)=1<= 3 i€ S such that j € pag(i) forV j € S\{i}
where j € pac(i) means G includes the edge from j to i.

PROPOSITION 2.1. Fiz A = {a1,...,am} and B = {b1,...,b,}. Assume G €
Gmn and [N| = m +n > 2. Then cg(T) is possible to take value 1 if and only
if T has the form of a;, ...a;b;, where 1 < k < m, {i1,...,1} C {1,...,m} and
jed{l,....n}.

Proof. Notice that VT' C N, |T| > 2, we can write T in the form of:

T =a;, ...a;bj ...bj,, where 0<k<m,{i1,...,i} C{1,...,m},
(21) OSlSn7{j17"'7jl}g{15"'an}a
kE+1>2.

We need to prove that [ can neither be 0 nor greater than 1, i.e. [ = 1.
(a) If 1 = 0. V s,t € {i1,...,9x}, by Definition as — a4 is not in G. This
means as ¢ pac(ar). Hence Vit € {i1,... i}, T\{a:} € pac(ar). ca(T) = 0.
(b) If I > 1. Similarly with above, by Definition V't e {ji,...,qt by &
pag(by). Moreover, V t € {iy,...,ix} and t' € {j1,...,5i}, by €& pac(ar).
ca(T) =0.
0
PROPOSITION 2.2. Notation is adopted from Proposition[2.1 Suppose T has the
form of a;, ...a;,b;, where 1 <k <m, {i1,...,ix} C{1,...,m} and j € {1,...,n},
then cg(T') = [Lo—, ....s, calasby).
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Proof. Again by Definition 2.1} V s,t € {i1,..., ik}, as ¢ pag(at). Therefore:

ce(T)=1 <= {a;, -..a;,} Cpac(b;)
(2.2) < as € pag(b;), Vs =i1,...,1
— Cc;(asbj) =1, Vs = Tlye ey Tk

Recall that cg(T') is binary. Thus ca(T) = [[,_;, ., cclasb;). O

REMARK 2.3. Proposz'tz'on implies that VG € Gy, p, cq s determined by only
m-n coordinates, {ca(aib;) :i=1,...,m,j=1,...,n}, i.e. the existence of directed
edges a; — bj, 1 =1,...,m and j = 1,...,n. Another way to see this property is
that ¥V G € Gpmpn, G can be determined by pag(b;), b; € B. Thus if we consider a
permutation of coordinates in ca that corresponds to a permutation of T where T has
the form in Proposition[2.1], then these coordinates can be broken into n parts:

albl,...,ambl,...,a1...ambl,%M,...,albm...,al...ambn,

where the s-th part of coordinations cg(T), T € {a1bs, ..., ambs,a1a2bs, ..., a1...ambs}
only depend on pac(bs), and different parts are completely irrelevant in the sense that
pag(bs), bs € B, can be decided separately.

PROPOSITION 2.4. Fiz m and n. The number of elements in G, , is 2™".

Proof. This is trivial because of Remark since there are mn possible edges

that can be assigned: a; — b;, where 7 = 1,...,m and j = 1,...,n, and there are
S (",’C”) = 2" many possible ways to assign the existence of these edges. O

PRrOPOSITION 2.5. Suppose G € Gy, . The number of non-zero coordinates in
cg is at most n - (2™ — 1).

Proof. This result is straightforward from Proposition [2.1] by counting the number
of coordinates cg(T'), where T has the form shown in Proposition Note that when
|T| >m+1,3 bjl,bj2 S {1, . ,n} s.t. bjubjz eT,ie. Cg(T) =0 by Proposition
When 2 < [T < m+ 1, the number of coordinates of form cg(aj, . .. ai . _,b;), where
{ir, ... =1y € {1,...,m} and j € {1,...,n}, is (IT?Infl) -n. Hence the number of
possible non-zero coordinates is:

2 (o) o B () e

|T|=2 k=1

0
DEFINITION 2.3. Recall several definitions in elementary geometry (see [T7] for
more details on polyhedral geometry):
e a closed convex polyhedron (which will be indicated as polyhedron for short)
in R? can be defined by a system of linear inequalities:
{x € R?: Ax < b}
where A is a p X ¢ matriz in RP*? and b is a vector in RP;
e a closed convex polytope (which will be indicated as polytope for short) is
defined as the convex hull of a finite set of points;
if a polyhedron is bounded, then it is a polytope;
for a polytope P, we define vert(P) as the set of vertices of P;
A d-simplex is a d-dimensional polytope which has exactly d + 1 vertices. It
1s notated as Ag.
Let DAGSs(N) be the set of all directed acyclic graphs over N, and consider a class
of graphs G C DAGSs(N) that contains all graphs which we are interested in. We call



CIM POLYTOPES 5

the convex hull of {cq : G € G}, Pg = conv{cg : G € G} the characteristic imset
polytope (cim-polytope) for G. Note that it is obvious that vert(Pg) = {cg : G € G}.

For fixed A and B in Definition define P, , := Pg,, .. Proposition
implies that the dimension of P, , is at most n - (2™ — 1). We will show that the
dimension of P,, ,, is actually exactly n - (2™ —1).

3. The cim-polytopes for diagnosis models.

3.1. Combinatorial description of edges on P,, ,. DEFINITION 3.1. Con-
sider a class of graphs G C DAGs(N). VG, H € G, G and H are called neighbors if
ca and cg form an edge in Pg, the cim-polytope for G.

LEMMA 3.1. Fiz m. Suppose G1, G3 € Gy, 1 are arbitrary two distinct graphs in
Gm,1. Then G and G2 are neighbors, i.e. cg, and cg, form an edge in P, 1.

Proof. See Section [l O

THEOREM 3.2. Fiz m and n. Two graphs, G1, G2 € G, n are neighbors if and
only if 3 b; € B such that pag, (bi) # pag,(b;) and pag,(b;) = pag,(b;), ¥V b; € B
and b; # b;, i.e. all nodes but one have exactly the same parent sets in G1 and Ga.

Proof. See Section [5} O

3.2. P, is a direct product of simplices. THEOREM 3.3. Fiz m and n.
For an arbitrary G € G n, G has n- (2™ — 1) many neighbors.

Proof. See Section [} O

REMARK 3.4. Theorem implies that every vertex of Py, 1 has (2™ —1) neigh-
bors. Since |vert(P,1)| = 2™ (by Proposition , Py is a simplex with dimension
(2m — 1), i.€e. Pm,l = Agmfl.

THEOREM 3.5. Py, ,, is the direct product of n many Agm_1, i.e.

P =Aom_1 X Agm_1 X -+ X Agm_j.

n many
And the iy, simplex is Py, 1 with the same diseases A and only one symptom {b;}.
Proof. Fix m, we are going to prove the equality by induction on n.
e n =1. See Remark 3.4}
e Fix g € Z". Suppose the equality holds for P, ,,, V n < g, then we need to
prove that it also holds for P,, . Recall that for G,, 4, the symptoms are:
B = {b1,bg,... by}
First, we need to prove: Py, g € Py g1 X Py 1.
Similarly with the proof of Theorem YV G € G q, we define graphs:
— G’ € Gy (g—1) With symptoms B,, (,—1) = B\{by} such that pag: (b;) =

pag(bi), Vb € Bm7(q—l)' This implies ¢ € Pqu_l;
— G" € Gy, 1 with symptom B,, 1 = {by} such that pagr (by) = pac(by).
This implies cg» € Py, 1.
With a proper permutation of coordinates, we can write ¢ in the form of:
Ccqg = (CG/, CGH).
Recall that vert(P,, ) = {cc : G € G4}, s0 Vz € Py 4, with the same
permutation of coordinates, we have:

(3.1) T = Z agea = ( Z agegr Z agear)

GEGm q GE€Gm,q GEGm,q

where 0 < ag <1,VGe€G,q,and )Y, ag=1L1
GEGm 4
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Note that > agcg € Prig—1and ). agcgr € Py, 1, Equation (3.1)
GEGm q G€EGm,q

implies © € Py, q—1 X Py, 1. Hence:
Pm,q C Pm7q71 X Pm,1~

Second, we need to prove: Py, g1 X Ppy1 C© Py q.

Let G q—1 has symptoms By, ;—1) = B\{b,} and G,, 1 has symptom B,, ; =
{bg}. VG € Gp(q—1) and G” € Gy, 1, we can define G € G, 4 such that
pag(b;) = pag:(bi), ¥V by € By, (4—1), and pag(by) = pagr(bg). cg has the
form of cg = (cqr, car).

V2 €Prng1 XPp, xcan be written as:

r = (> Bgea, Y aregr)= Y > Baar(car , car)

G'€Gm,q—1 G"EGm 1 G'€Gm,q—1 G"E€EGm 1

= > Y. (Baar) ca,

G'€Gm,q-1 G"EGm 1
where 0 < BG’:’YG” <1, VG € gm,q—la VG" € gm717 and ZGlegm’q71 Bar =1,

ZG”EQ,,L 1 YGgr = 1. Note that

> > Bever)= Y. Bal >, ve)= Y, Bo=1

G'€Gm,q—1 G"E€Gm 1 G'€Gm,q—1 G"€Gm 1 G'€Gm,q-1
which leads to x € Py, 4. Hence:

Pm,q,1 X Pm,l - Pm,q~
Therefore,

Pm,q = P’m,q—l XPm71 = Agm_l X X Agm_l XAQm_l = Agm_l X oo X A2m_1 .

-1 many q many

]

Theorem implies that P, ,, is a simple polytope with dimension n - (2" — 1).
In Section @ we will give another proof which use linear algebra to show that P, ,
is simple and obtain its dimension. (cim-polytope)

3.3. Expression of facets of P,,,. Based on Theorem we are going to
show the expression of facets of Py, , using the following lemma:

LEMMA 3.6. [T7] Suppose P is the direct product of simplices Ny, ..., Nq, .
Then every facet of P has the form of Ay, X ... X Aq, | X Fy, X A X .. X Ay,
where Fy, is a facet of A,,.

REMARK 3.7. Lemma [5.6 implies that in order to study the facets of a direct
product of simplices, we can simply study the facets of each simplex. As by Theorem
P, is a direct product of n many P, 1, our problem is simplified as studying
the facets of Py, 1. Thus we assume B = {b1} in the following content of this section.

Assume A = {ay,...,an} and B = {b1}. By Proposition[2.5] the vertices of Py, 1
has at most 2™ — 1 many non-zero coordinates. We define the indeterminates, i.e.
variables, {zs, s C A, s # (0}, where one indeterminate z, for each coordinate cg(sU
{b1}) in the characteristic imset cg, G € Gy,1. Define the vector of indeterminates
x = {zs, s C A, s # 0}. Suppose A,z < by, is the system of inequalities that
defines P,,, 1. We can define a 2™ x 2™ matrix: D, = [bn| — Am]. Denote the

Qi1
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elements in D,, by (dst)sca,ica so that we can rewrite the system of inequalities as:
dgp + ZtCA t£0 dstxzy > 0, s € A. Then we have the expression of 2™ facets of P, 1
as following:

Fs=PpiN{z:dy+ Z dgtry =0}, s C A,
tC A t#)

where the elements dg, s, t C A can be obtained using Theorem [3.8
THEOREM 3.8. The elements in matriz D,, satisfies:
e dy # 0 if and only if s C t;
o if s Ct, then dg = (—1)IH=1sl,
This implies that Py, 1 has 2" facets:

Fs=Pp1N{z:dsp+ Z dstxy =0}, s C A.
tC A t#£D

What’s more, ¥V s C A, vert(Py,1)\{ca,} C Fs, where pag,(b1) = s.

Proof. For convenience, let zg = 1. Vs C A, let ds. = (dst)ica be the correspond-
ing row of D,,, and G be the graph in G, ; such that pag_ (b1) = s. Now we can
rewrite the system of inequalities as:

> daz =d.(12)" >0, for Vs C A
tCA

We are going to prove that Vs C A, we can find 2™ — 1 vertices on F; that are linearly
independent, and this implies that F; is a facet of P,, ;. In fact, we will prove that:
{ca,, s CA, s #s} CFsandcg, ¢ Fs, ie. ds(1 cGS,)T =0,Vs CA, s #sand
ds.(1 cg,)T > 0.

Notice that Vt C A, cg_, (tU{b1}) # 0 if and only if ¢ C pa.. ,(b1) = s', and dg; # 0
if and only if s C t. So: ’

dé(l CGS/)T = ds@ + Z dsthS/(t U {bl}) = ds(Z) + Z dst = Z dst~

tCA, t#0 sCtCs', t#0 sCiCs’

Therefore, we have:
o if s =5 then ds.(1 cg )T =dss =1 > 0;

s

e ifsC s thendy(lecg,) = 3 (-Dlt=kl= % (-D)l*'l =0,
sCiCs/ pCans
o if sZ ¢, then d,.(1 cg, )T =0.
0
EXAMPLE 3.9 (Facets of P 1). Notation adopted from Theorem . Fizm=2
andn =1.

All characteristic imsets are given as a

matrizc:
T a1b1 (lgbl ala2b1
e, 0 0 0
G, _ 1 0 0
ca, |~ 0 1 0
1 1 1
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(b) G2 (c) G3

FIGURE 4.1. Three graphs to illustrate the underlying ordering of graphs

The system of inequalities that defines

The matriz Do = [ba| — As]: P,
s\t 0 a1 a2 aias s\t 0 a as ai1as
0 1 -1 -1 1 0 1 —Zay —Tay +Taja, >0
Do — ai 0 1 0 -1 ail Ta, —Tgiay >0
27 ay 0o 0 1 -1 as Tqy —Taa, >0
aias \0 O 0 1 ai1as Tayas >0

Vertices cq,, cq, and ca,, are in the facet F,, while cq, is not.

4. The cim-polytopes for Bayesian networks. The results in Section [3| are
limited to diagnosis models. In this section, we will generalize the results to all
Bayesian networks with the same underlying order.

4.1. Underlying ordering of DAGs. For a set of random variables N =
{a1,...,a,}, where now n is the total number of nodes in N. VG € DAGSs(N), there
exists an underlying ordering over N, [n]g = (ajy,...,ap)), such that if ap — afy
in G, then ¢ < j. We are are now interested in the class of graphs which share a
specific underlying ordering [n], i.e. G, = {G € DAGs(N) : [n]¢ = [n]}, and its
cim-polytope Pp,) = Pg, .

EXAMPLE 4.1 (Underlying ordering of graphs). Let N = {a1,a2,a3}. Consider
an ordering over N, [n] = (az,a1,a3), i.e. ap) = a2, ajg) = a1 and agg) = az. Then
VG € Gpp), the only type of directed edges allowed in G are ay) — afj), where i < j.
For instance, aa — ay is allowed while a; — as is not. Thus graph G1 in Figure
and graph Gs in Figure are both in G,). Graph G in Figure is
not in G,y since it has arrow a1 — az, and the underlying ordering for G, i.e. |n|g,,
can either be (a1, a2,a3) or (a1, as,as).

REMARK 4.2. For a specific ordering [n] and an arbitrary G € G,), we have the
following proposition that is similar with Proposition [2.3

e VI' C N, |T| = k > 2, we can order the elements in T according to [n]
and write T in the form of aj;, ap,) - - - aj,) where iy < iy < -+ <. Then
cc(T) = Loz, .. ir_, cclagag,)). This property means that the whole cq
is determined by (g) coordinates, {cg(ayjay)), i < j}, which can also be
interpreted as the existence of the directed edges ap) — apy), © < j.

Another way to see this property is that ¥ G € G}, G can be determined by pag(ay),
i = 2,...,n since pag(ap)) = 0. Similarly with Remark we can consider a
permutation of coordinates in cg that corresponds to a permutation of T, then these
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coordinates can be broken into n — 1 parts:

(12), (13), (23), (123), (14), (24), (34),...,(1234), ..., (1n), (2n).. .., ((n — D)n),..., (12. .

where (i1 ...1i) stands for T = agjap,) - -], {01, 0) € {1,...,n}. The k-th
part of the coordinations, {cq(T): ay; ¢ T Vj > k} only depend on pac(ap)), and
different parts are completely irrelevant in the sense that pag(aj)), ax € N, can be
decided separately.

4.2. Structure, edges and facets of P[,;. THEOREM 4.3. Suppose n > 2.
P, is a direct product of a sequence of simplices:
P[n] = AQl_l X A22_1 X e X Agn—l_l,

n-1 simplices
where the iy, simplex Aqi_1 is the same with the cim-polytope for diagnosis models,
P; 1, with diseases A= {apy,...,ap} and one symptom {aji1)}-
Proof. See Section[7} O
REMARK 4.4. Two immediate results from Theorem [{.3] are:
e the dimension of P,y is 2" — (n+ 1), and it is a simple polytope;
o the facets of P, can be obtained by Lemma and Theorem .

REMARK 4.5. Note that the equality in Theorem@ is actually Pp,) = Ago_1 X
Aoi_1 X Ag2_1 X -+ X Agn-1_1, where Ago_1 is omitted as it has dimension 0 (a
point). Theorem and its proof also imply that Vo € P, x € vert(Py,) if and
only if with the permutation of coordinates in Remark[].3, x can be written in the form

of © = (v1,va,...,0,_1), where v; is the vertex of Agi_q, i =1,...,n — 1. Suppose
x = cg, G € G, then v; = cg,, where G; is in G; 1 with diseases Np;; and symptom
Ali4+1]» i=1,...,n—1, and pag; (a[i-‘rl]) - paG(a[H-l])'

The following theorem will be stated in two forms which are equivalent by Theo-
rem 3] and Lemma [3.11
THEOREM 4.6. Fiz an underlying ordering [n] over N.

e (From the view of graph theory.) Two graphs, Gi, G2 € Gy, are neigh-
bors in Gy if and only if: 3 a;) € N such that paG1 (ajg)) # pag,(ag)) and
pag, (ay)) = pag,(ag;)), V agj 6 N and afj) # ap), i.e., all nodes but one have
exactly the same parent sets in both G, and G2

o (From the view of polyhedral geometry.) ¥V x € P, x is on an edge of
P, if and only if with the permutation of coordinates showed in Remark
x can be written in the form of x = (v1,...,Vi—1,€i,Vit1,...,Vn—1), where
e; belongs to an edge on Ngi_q, i € {1,...,n — 1}, and v; € vert(Agi_q),
jed{l,....,n—11\{i}.

Proof. See Section[7} O

4.3. Graphes with forbidden (or fixed) edges. Fix an underlying ordering
of nodes [n] and consider Gp,,;. When a specific set of directed edges are forbidden
in G, we can define sets of nodes Q = Q0 i =2...,n}uU{Q,i=2..,n}

such that QY C Q! C {apy, ..., a;-17}, and the class of graphs we are interested in
becomes G, 0 = {G € DAGS( )t [nle = [n], QY C pag(ay) € Qi =2,...,n},
i.e. edges {am — a: am € QY i=2,...,n} are fixed edges, and edges {a[]] = ag:
agj € {apy a[Z 1]}\91, 1= 2 .,n} are forbidden edges. The cim-polytope for

Gn,0 18 Pg (m.0- Using similar strategy, we are able to show that Pg , is a direct
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product of a sequence of simplices:
THEOREM 4.7.

Pg, o =Pay x...xP

(2] an]
(4.1)
:AQ\%\—\Q;H_l X X AQ\Q%\*\QS\_l XX Agarimiag X X Agjarimjen g,
1291 120 |
219221 many 25 many

where the i-th polytope P A2ml

) |Qzl+1|_
L0 X X Ao a0,y s a (2

ali+1] i+t1

219711 many
2‘Q?+1|)_face OfP‘Ql+1‘,1 =A
models with diseases A = Q%—H and one symptom ajfi1]-

Proof. To prove P X X AQ\SZ%+1\—\SZ?+1\_1

RIS where P|Q%+1"1 18 the cim-polytope for diagnosis

0

0rl_y , We permu-

apiv1) A2|sz}+l|_|sz

271! many
tate the coordinates in the following way:

(42)  AT:TCQ, Ugutu | {TCQ Uauey: TN, = Q.
Q,C00
ie. cg(T), VG € G0, can be split into the following subvectors: (cq(T), where
TCQ, Uagiy1)), (cq(T), where T C Oy Uai4+1) and TN, =Q,), V0, C QY.
Then use the strategy similar with the previous proofs, we can prove the following:
e c(T), T C Q?—s—l U afi41), are all fixed;
o VQ, C O, the convex hull of {(¢q(T), where T C Q},, Uapq) and T'N
QY | =Q,): VG € Gy o} is A2‘9%+1‘*‘9?+1‘,1 (see Example ;
o Pa[ =A 0

i+1] 92l =190 g Ko X AQ‘ﬂzlJrl"m?Jrl‘—l;

2!%1| many
e Equation [.1] holds.

0
EXAMPLE 4.8. Consider a DAG G which has 7 nodes {a1,...,a7}. After fix an

underlying ordering, we can write these nodes as {ay), ..., afy}, where ay) — agj in G
implies i < j. Suppose edges aj;) — ajg) and ap) — afg) are fized and edge aj5 — ajg)
is forbidden. Then coordinates cg(T) = 0 if a5 € T, and other coordinates cq(T)
where aj) ¢ T, Vj > 6, can be ordered as following (values with respect to different
DAGSs are listed as a matriz):

T\{a[g)} "[11] "[12] a[1]1“[2] “%3] @
1 1 1 1
1 1 1 0
1 1 1 1

4] “[3]9[4] ¢[1]9[3] *[1)¥[4] “[1]4[3]@[4] 4[] *[3] ¥[2)*[4] *[2]¢
0 0 0 0 0 0

31914 @1 %[2)*[3] *[1]%[2] (4] “[1][2) *[3] °[4]
? 0
0 1
1 1

a=l=}
~ooo
—ooo

0 1 0 0 1 0
0 0 1 0 0 1
1 1 1 1 1 1

where the 4 rows correspond to graphs G, i = 1,...,4, such that pag,(aj) =
{apy a}, pac, (ajg) = {ap)s ap)s az}s pac, (a) = {ap), ajg), ay} and pag, (a)) =
{apy apy; ag), aja -

It is obvious that the cim-polytope for diagnosis models, P, »,, is a special case of
Pg,, o the underlying ordering of nodes is (a1, ..., am, b1, ..., b,) (the ordering is not
unique in the sense that the order of two diseases or two symptoms can exchange),
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QW =l =0fori=1,...,m, while Q) = 0 and Q! = {a1,...,amn} for i = m +
1,...,m + n. Note that based on Equation (4.1)), all edges of Pg,, o can be found

similarly with Theorem and the its facets can also be obtained by Lemma 3.6
and Theorem B.8

5. Proofs in Section [2l

5.1. Proof of Lemma Proof. Let N = AUB, where A = {ay,...,a,,} and
B = {b1}. We need to prove: 3 a cost vector w, such that w-cqg, =w-cg, > w-cqg,,
vV G3 € Gy,,1 distinct with G; and Gs.
By Remark G1 and G4 are determined by pag, (b1) and pag,(b1), respectively.
We will discuss by two scenarios of pag, (b1) and pag,(b1): one is a subset of the
other, and neither one is a subset of the other.
(1) One is a subset of the other. WLOG, suppose pag, (b1) € pag,(b1).
Define: A; = pag, (b1), A2 = pag,(b1), A1 = pag,(b1)\pag, (b1), and
Acomp = (pacg,(b1))¢ (ie. the complement set of pag,(b1)). Note that:
A1 # 0, Ay and Acomp can be 0; Ay, Aoy and Acomp is a partition of
N.
Consider a function w : P(N) + R where w(T') = 0 if |T'| < 2. Then similar
with imsets, w can also be considered as a vector, and we assume that the
permutations of coordinates in w and in characteristic imsets coincide.
— If [Ag\1| > 1, we define w as:

c for T =a;b;, a; € Ax
—c for T =ab;, a; ¢ Ay
T) = U5, Ug
w(T) |Ag\1|- ¢ for T = Ay, U{bi}
0 for T CN,|T|>2, and T # Ay U{b1}

where c is a positive number.
Then V G3 € Gy,,1, we have:

w-ca, |A1 N pac; (b1)] - ¢ — [pags (b1)\A1] - ¢ + [Aa\i] - ¢ ey (A2 U {b1})
|[A1 N pac, (b1)] - ¢ — [pag, (b1) N Aav1| - ¢ — [pac; (b1) N Acomp| - ¢
+[Aa\1] - ¢ eay (Aot U{bi}).

In this equation:
* |A1 Npag,(b1)] - ¢ < |Ay| - ¢, where “=" holds if and only if A; C
pag,(b1);
* —|pag, (b)) N Ag\1| - e+ [Ag\1| - ¢ - ey (Aay U {b1}) <0, where “="
holds if and only if pag, (b1) N Az\1 = 0 or Ag\1;
% —|pag,(b1)NAcomp|-¢ < 0, where “=" holds if and only if pag, (b1)N
comp —
Therefore, w - cg, < |A1|- ¢, where “=" holds if and only if G3 = G or
Gs.
— If [Ap\1| =1, we let A\; = {a,}, and define w as:

c for T =a;bj, a; € Ax

—c for T =a;bj, a; ¢ As

0 for T =a4b

0 for TCN, |T|>2, andT;éAg\lU{bl}

w(T) =

where c is a positive number.
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Then V G5 € Gp,,1, we have:

w-cg, = |[A1 Npag,(b1)] - ¢ — |pag, (b1) N Acomp| - C.

Again, in this equation:
* |A1 N pag,(b1)] - ¢ < |A1] - ¢, where “=” holds if and only if 4; C

bags (bl);

% —|pag,(b1)NAcomp|-¢ < 0, where “=" holds if and only if pag, (b1)N

Acomp =

To satisfy the above two conditions, we must have pag,(b1) = A; or
(A1Uag). Therefore, again, we have: w-cg, < |A1]- ¢, where “=" holds

if and only if G5 = G or Gs.
(2) Neither one is a subset of the other.
Define: Ay = pag, (b1), A2 = pag,(b1), Ain2 = pag, (b1) Npag,(b1), Ae =
pag, (b1)\pag, (b1), Aa1 = pac,(b1)\pac, (b1), A2 = pag, (b1) U pag, (b1)
and Acomp = (A102)¢. Note that: Aj\o, Aoy # 0, Ain2 and Acomp can be 0;

Ain2, A2, Aovi, and Acomyp is a partition of N.

Consider a function w similar with part (1) that can also be considered as a
vector such that the permutations of coordinates in w and in characteristic
imsets coincide.
— If [Aj\2| > 1 and |Ag\;| > 1, we define w as:

c for
—c for
—2c for

(A2 +1)-c for
(|Ax\1| +1)-¢  for
0 for

where c is a positive number.
Then V G5 € G,,1, we have:

w -

T = aibj, a; € Ain2

T = (libj, (e77 ¢ Almz

T = A1\2 @] A2\1 @] {bl}
T = A1\2 U {bl}

T - A2\1 U {bl}

other T'C N, |T| > 2

ca; = |pacs(bi) N Ainz|-c— |pag;(b1) N Aqe|-c
7|paG3 (bl) N A2\1| C— |paG3 (bl) n Acompl - C
+(|Ana| +1) - e cag (Anz U{bi}) + (|A2u| + 1) - ¢ cas (A1 U {b1})
—2C . CG3 (Al\g @] Ag\l U {bl})

= |pagg(b1) N Ainz| - c

—lpac; (b1) N Aol - ¢+ (|Anz| +1) - ¢ cay (A2 U {b1})
—lpags(b1) N Aaval - c+ (|Aaa| +1) - ¢+ cay (Ao U {b1})
—2c - CG3 (A1\2 U A2\1 U {bl})

—[pac, (b1) N Acomy| - ¢

In this equation:
% |pag,(b1) N Ainz| - ¢ < |Ainz| - ¢, where “=" holds if and only if

*

Ain2 C pag,(by);

—lpag, (b1) N Ara| - ¢+ (|An2| +1) - ¢ cay (A2 U{b1}) < ¢, where
“=" holds if and only if Ay\s C pag,(b1);
—|pag, (b1) N Ag\i| - e+ (|Ag\1| 4+ 1) - ¢+ ey (Ao U {b1}) < ¢, where
“=" holds if and only if As\; C pag,(b1);
—2c¢ - g,y (A2 U Agy1 U {b1}) < 0, where “=" holds if and only if

(Ane U Aa\1) € pag, (b1);

—|pag, (b1) N Acomp|-¢ < 0, where “=" holds if and only if pag, (b1)N

Acomp = @
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The above conditions cannot be satisfied simultaneously, but notice that:
* when pag,(b1) = Ain2, w-cgy = |A1n2] - ¢+0+0+0+0 = |A1n2]| - ¢
* when pag, (b1 Ay, ie. Gy =Gy, weeg, = |Ain2|-c+c+0+0+0 =

) P—
(|A1n2| +1) - ¢
* when pag, (b1) = Aa, i.e. G5 = Ga, w-cg, = |A1n2]-¢+0+c+040 =
(|A1n2[ +1) - ¢
* when pag, (b1) = A1z, w-cgs = |A1n2|-ctctc—2¢+0 = |Aina]|-c.

Now it is obvious that w - c¢q, < (|A1n2| + 1) - ¢, where “=" holds if and
only if G3 = G or Gs.

— If only one of |A;\2] and [Az\;] is 1. Suppose [Ay\o| = 1 and [Ag\;| > 1.
We define w as:

c for T = aibj, a; € Ay

—C for T = aib]-, a; ¢ A1
w(T) = —2c for T = A1\2 U A2\1 U {bl}

(|Ani| +1)-c for T = Ay U{bi}

0 for other T C N,|T|>2

where c is a positive number.
Then V G5 € G,,,1, we have:

w-cay = |pags(b1) N Ainz|- ¢+ [pagy(b1) N Ame| - c
—lpac;(b1) N Aa\i] - ¢ — [pags (b1) N Acomp| - €
+([Aav1] +1) - ¢ cay (Aaa U{b1}) — 2¢- cay (A2 U Agya U {b1})
= |pacs(b1) N Ain2| - ¢
+pacs (b1) N Aial - c
—lpac; (b1) N Aa\i] - ¢+ (|[Aav1] +1) - ¢+ cay(Aa1 U {b1})
—2c- CGg (Al\g U A2\1 U {b1})
—|pag; (b1) N Acomp| - c.

In this equation:

% |pag,(b1) N Ainz| - ¢ < |Ainz| - ¢, where “=" holds if and only if
Aine C pag, (b1);

* |pag, (b1) N Ape| - ¢ < ¢, where “=” holds if and only if A\, C
pag, (bl);

* —|pag,(b1) NV Aq1]-c+ (Ao +1) - c-cgy(Aa U{b1}) < ¢, where
“=" holds if and only if As\; C pag,(b1);
* —2c- cgy(An\2 U A\ U {b1}) < 0, where “=" holds if and only if
(Ana U Ag\1) € pag, (br);
% —|pag,(b1)NAcomp|-¢ < 0, where “=" holds if and only if pag, (b1)N
Acomp =0
The above conditions cannot be satisfied simultaneously, but it is similar
with the case of “|Aj\o| > 1 and [Ag\1| > 17 to show that w - cq, <
(|A1n2] + 1) - ¢, where “=” holds if and only if G3 = G; or Gs.
— If [Ap 2| = [A2\1| = 1, we define w as:

c for T =asb;, a; € Aru2
—c for T =abj, a; ¢ A1z
—2¢ for T = A1\2 U A2\1 (@] {bl}
0 for other T C N,|T| > 2

w(T) =

where c is a positive number.



14 JING XI AND RURIKO YOSHIDA

Then V G5 € Gp,,1, we have:

w-cg, = |pags(bi)NAing|-c
+lpag, (b1) N Ape| - ¢ + [pag, (b1) N Ag\| - ¢
—26 . CG3 (AI\Q U A2\1 @] {bl})
—lpac;(b1) N Acomp| - c.

In this equation:

% |pag,(b1) N Ainz| - ¢ < |Ainz| - ¢, where “=" holds if and only if
Ain2 C pag,(b);

* |pag,(b1) N Azl - ¢ < ¢, where “=" holds if and only if A\, C
pagg (b1)§

* |pag,(b1) N Ag\q] - ¢ < ¢, where “=" holds if and only if A\, C
pac,(b1);

* —2c- cgy (A2 U Ag\p U {b1}) < 0, where “=" holds if and only if
(Ap\2 U Ag\1) € pag, (b1);
% —|pag,(b1) N Acomp|-¢ < 0, where “=" holds if and only if pag, (b1)N
Acomp =
The above conditions cannot be satisfied simultaneously, but it is similar
with the case of “|A1\o| > 1 and [Ag\1| > 1”7 to show that: w - cq, <
(|A1n2] + 1) - ¢, where “=” holds if and only if Gz = G; or Gbs.

5.2. Proof of Theorem[3.2] Proof. We will prove “if” and “only if” separately.
(1) Prove “if” part.
Suppose G1, G2 € G, and there exists b; € B such that pag, (b;) # pag, (b;)
and pag, (b;) = pag,(b;), V b; € B, b; # b;. We need to prove G; and G, are

neighbors.

Consider an arbitrary graph G3 € Gy, ,. We need to prove: 3 a cost vector w
such that w-cq, =w-cq, > w-cqg,, where “=" holds if and only if G3 = G
or Gs.

Define the following graphs (a graphical example will be given in Remark

51):
1, Gy, G5 € G 1 with symptom By, 1 = {b;} such that pag; (b)) =
pag, (b;), pag; (b;) = pac, (bi) and pag, (b;) = pac, (bi);
— Go, G4 € Gy (n—1) With symptoms B,,, (,—1) = B\{b;} such that pag, (b;)
pag, (bj) = pac,(b;) and pagy (b;) = pac, (b;), V bj € B (n—1)-
By Remark [2:3] with a proper permutation of coordinates, we can write the
characteristic imsets of G1, G2 and G3 in the form of:

ca, = (car, ca,)
ca, = (cay, ca,)
ca; = (cay, cay)

— By Lemma G} and Gj are neighbors, i.e. 3 a cost vector wy such
that w1 - cg; = w1 -cgy > wi-cgy, ¥ G5 € G 1, where “=" holds if and
only if G5 = G or G.

— Since cg, € vert(Pg,, ,_,.c), 3 a cost vector wy such that wy - cg, >
wy - cqy, ¥ G5 € Gy (n—1), where “=" holds if and only if G = Go.
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Let w = (w; wsy). We have:

w-cg, = w1~cG'1+w2-cG0
= wl'CG’2+w2'CGO = W-cCqg,
> w - cay, —+ wo scgy = W CGy,
where “=" holds if and only if i) G = G} or G4, and ii) GY = Gy, i.e.

G3 = G1 or GQ.
Prove “only if” part.
Suppose G1, G2 € Gy, are neighbors. i.e. 3 a cost vector w such that
W-cq, =W-Cq, >W-cg, VG E€ Gy, G#G1, Go. We are going to prove
this part by contradiction.
Suppose 3 b;, b; € B distinct, pag, (b;) # pag, (b;) and pag, (b;) # pag, (b;).
Define the following graphs (a graphical example will be given in Remark
p.1):

— G, Gy € G 1 with symptom By, 1 = {b;} such that pag, (b;) = pag, (b:)
and pag, (bi) = pacs, (by):

7, G3 € Gpa with symptom By, 1 = {b;} such that pacgy(b;) =
pag, (b;) and pagy (b;) = pac, (b;);

1, Gy € G (n—2) With symptoms B, (,_2) = B\{b;,b;} such that
pagy (bk) = pac, (bk) and pagy (bk) = pac, (bk), ¥ bk € By (n—2);

— (3 € G s all the same with G1 but pag, (b;) = pag, (b:);

— G4 € Gy, 1s all the same with G but pag, (b;) = pac, (b;);

— G5 € G,y is all the same with G but pag, (b;) = pac, (b;) and pag, (b;) =

pag, (b;), notice that G5 might be same with G;.

Similarly with part (1), with a proper permutation of coordinates, we can
write the characteristic imsets of G1, G2, G3, G4 and G5 in the following
form:

cg, = (cey, coys cayr)
CG, = (CGQ’ ed CGE")
cGs = (cay cay, cay)
c, = (cay cay, cay)
cgs = (cay cay, cay)

With the same permutation of coordinates, w can be written as w = (w; ws w3).
Thus we have:
— (3 # G or G2, which implies:

w - Ccq, = wi-cg, T w2 Ccgy + w3 cql
> w- CG*3 = wp- CG/2 —+ wa - CG’ll + ws - CGllll

- Wi - gel) > wq - [eln

— G4 # G or Gy, which implies:

w-cg, = Wi-Cg, + W2 Cqy +wWs - Cay
> w-cqy = wi-cg, =+ wo - cay + ws - e

- w3 - cay > wsg - cay-

There is a contradiction:
w-cq, = Wi-Cg,+ W2 Cqy + W3- Cqy
< wi-cgptwr-cgy Wy Cay =W Ca,
= Ww-cg, < W:-CqGs-
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Therefore G; and G5 cannot be neighbors.
O

REMARK 5.1. Two graphical examples will be given for a more intuitive view of

the proof of Theorem[3.3
e Part (1), the proof of “if” statement. In Figure m =4, n = 3 and
b; = by.

W —VY
®© © © ®

Graph G1 Graph G’
@ @ @
) (&
Graph Go
® @ @ ® @
EE—
&) & & (&)
Graph G2 Graph G2

FIGURE 5.1. An example for the proof of Theorem part (1)

e Part (2), the proof of “only if” statement. In Figure m=4,n=3,
bi = b1 and bj = bg.

5.3. Proof of Theorem Proof. By Theorem VH € Gmn, G and H
are neighbors if and only if: 3 by € B such that pag(by) # pam(by) and pag(b;) =
paH(bj), v bj € B and bj = bg.

Now fix b; € B. Define graphs:

e G', H' € G, 1 with symptom B,,, 1 = {b;} such that pac (b;) = pac(b;) and
pap:(b;) = pam(bi);
o G", H" € Gy, (n—1) With symptoms B,, (,,_1) = B\{b;} such that pag~(b;) =
pag(bj) and paHu(bj) = paH(bj), A bj S Bm,(nfl)-
Since G and H are neighbors and G’ # H’ will lead to G’ = H”, and by Proposition
there are 2 graphs in G,, 1, there are 2™ — 1 different choices of H's, and each
corresponds to a different neighbor of G.

We can use the same strategy for every b; € B, i.e. we can find 2™ — 1 neighbors
from each fixed b; € B. It is easy to see that these neighbors are all distinct: if Hq,
Hj are all the same with G but pac(b;) # pam, (b;) and pac(b;) # pam,(b;), where
b;, b; € B are distinct, then this implies pag, (b;) = pac(b;) # pam, (b;), i.e. Hy and
Hj are different. Therefore the total number of neighbors for G is: n- (2™ —1). O
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@ @ @ @ @ @ @ @
® & ®

Graph G1 Gra hG1’
® @ o ® @ @ &
Graph G1” Grap

Y —

\ @

Graph G2” Graph G2”

Graph G2

FIGURE 5.2. An ezample for the proof of Theorem part (2)

6. Prove P,,, is simple using linear algebra. Recall that in Section
we first proved that Py, ; is a simplex Agm_1, and then we proved that P,,, is a
direct product of n many Agm_1, which implies that P,, , is a simple polytope with
dimension n - (2" — 1). Now we are going to show another flow to prove that P,, ,, is
simple.

First, we will use linear algebra to show that P,,, has dimension n - (2™ — 1).
We adopt the notation from Section [3] Given N, by Proposition and Proposition
we can define Sy, , as the support of {cq : G € G}, i€

S ={T:3 G € G, ,, such that cq(T) =1} C P(N),

where P(N) is the power set of N.

THEOREM 6.1. Fiz m and n. The dimension of Py, ,, is exactly n - (2™ —1).

Proof. Similar with imsets, we can consider the standard basis ey, T C N, as
functions et : P(N) — Z such that V Ty C N, er(Tp) = 1if T = T, and 0 otherwise.
Each et can also be considered as a vector with coordinates Ty C N.

It is obvious that: 1) {cq, G € Gmn} C RZ""—(mintl) o) {eT,T € Smnt
is a basis of R"(2"~1) that is embedded in R2"""~(m+n+1) (Proposmon , and 3
Hea, G € G n} can be written as a linear combination of {er,T € S, ,}. We are
going to prove that {er,T € S, ,,} can be expressed as a linear combination of {cg,
G € Gm.n}. Notice that {er,T € Sy} is equivalent with {er, 7 C N and T has the
form of a;, . azkb where 1 <k <m, {i1,...,ix} C{1,...,m}and j € {1,...,n}}
(Proposition 2.1)), we can prove the statement by induction on |T|.
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e When |T| =2 (ie. k=1),ie T = a;b;, where a; € A and b; € B, we know
cg = er, where G € G,,, , has only one edge a;, — b;.

e Suppose VT, T has the form in Propositionand |T'| < k, eT can be written
as a linear combination of {cg, G € G n}. Now consider Ty, = a;, ... a;,b;,
where {i1,...,i} C{1,...,m}and j € {1,...,n}.

Let G € G, have k edges: a;, — b;, { =1...k. Then:

er, =g — E €T,u{b;}-
TaC{ail,...,aik},0<\Ta|<k

Since V T, C {aiy,...,ai.}, 0 < |To] < k (ie. Ty € {aiy,..-,ai.}), [Ta U
b;j| <k, er,ub; can be expressed as a linear combination of {cg, G € Gmn}-
Therefore, er, can be written as a linear combination of {¢g, G € G0 }-

0

A special case of n = 1 in Theorem [6.1] and Proposition 2.4] claims that P, 1 has
2™ vertices and dimension 2™ — 1. This directly lead to Corollary

COROLLARY 6.2. Fiz m, Py, 1 is a simplex with dimension 2™ — 1, i.e. Py, =
AQm —1-

Lemma [3.3] is an immediate result of Corollary [6.2] while Theorem [3.3] and The-
orem can be obtained based on Lemma [3.I] and Corollary using the same
proofs in Section [3] It is worth mentioning that Theorem [6.1] and Theorem [3.3] imply
that P, ,, is a simple polytope with dimension n - (2" — 1) because the number of
neighbors for each vertex equals to the dimension of the polytope. In 2000, V. Kaibel
and M. Wolff proved that a zero-one polytope is simple if and only if it equals to a
direct product of zero-one simplices [6]. Recall that cim-polytopes are zero-one poly-
topes, we are able to conclude that P, , is a direct product of zero-one simplices [6].
Our progress is that we proved a even strong result in Theorem with an intuitive
graphical interpretation of each simplex in the direct product.

7. Proofs in Section M4l

7.1. Proof of Theorem Proof. We are going to prove the equality by
induction on n. Since n > 2, we start the induction from n = 2.

e n = 2. It is obvious since there are only two vertices in P,: (1) and (0). So
P, is a line segment which is a simplex of dimension 1, i.e. Pp,) = A;.

e Fix g € Z. Suppose the equality holds for Pp,, V n < ¢, and we need to
prove that it also holds for P;. Define notation N = {apy,...,ap} for
k=1,...,q.

First, we want to prove: P C Ppy_1) X Aga-1_1.
V G € Gjq), we can define graphs:
— G is the induced subgraph of G for Ny,_yj, which implies cgr € Pg_yj;
— G" is a graph over N such that the only edges in G are af; — ayq,
where af;) € pag(ajg). Consider a diagnosis model where Nj,_1; is the
set of diseases and afg is the symptom, then we can see that cgr €
qul,l = AQq—l_l.
Now, with a proper permutation of coordinates (see Remark , we can
write c¢g in the form of:

Ccg = (CGr CG//).

Since vert(Py) = {ca : G € Gjqi}, V « € Pyy, with the same permutation of
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coordinates, we have:

(7.1) T = Z agea = ( Z agear Z agear),

Gegig) Gegiq) Gegiq)

where 0 <ag <1,VGeGgand ) ag=1
Gegpg)

Notice that >’ agcer € Py and > agcgr € Aga-1_4, Equation
Gegyq Gegjq

(7.1) implies x € Pg_1) X Agq-1_;. Hence:
Pl € Plg-1y X Aga-roy.

Second, we want to prove: Pjg_1) X Agq-1_1 C Pg.

Let Gjg—1) has nodes Nj,_y}, and G, 1,1 has diseases Nj,_1) and symptom aj,.
V G' € Gg—1) and G € G_1,1, we can define G € G, by extending G’ as
following: add a node ajg and edges (aj, ajq), Vag) € pagr(ajq), to G'. We
can write ¢ in the form of cg = (cqr cgn).

Vz € Pg_1) X Age-1_1, z can be written as:

r = ( > Bgcea, Y aregr)= Y, > Bayar(car , car)

G'€Giq—1) G"€Gq-1,1 G'€Glq-11G"€Gq—1,1

> (Baryer) ca

G'€Glq-11G"€Gq—1,1

where 0 < fgr, yar < 1,YG" € Gjg_1}, VG" € G411, and ZG’eg[q_ll Bar =1,

ZG”qufl,l Yo = L.
Notice that

> > Beve)= Y, Ba( Y. )= Y, Be=1

G'€Gly 1) G"E€Gq—1,1 G'€G 1) G"€Gq-11 G'€Gy_1)
This leads to z € P[,. Hence:
Plg—1) X Aze-1o1 = Py x Py € Prgp.

By induction on n, we finish the proof by:
P[q] = P[qfl] X Pq—l,l = (Agl_l X oo X A2q*2—1) X Azq—l_l =
Agl_l X X A2‘1*171'

7.2. Proof of Theorem Proof. The proof from the view of graph theory
will be very similar with the proof of Theorem so we are going to give a proof
from the view of polyhedral geometry, i.e. prove that: “3J vertices of v!, v? € Py
such that x = Bv! + (1 — B)v? where 0 < 38 < 1, and v!, v? form an edge in P,y
if and only if “x can be written in the form of x = (vy,...,v;-1, €4, Vigt1,- -, Un_1),
ie{l,...,n—1}".

We will prove “if” and “only if” separately.

(1) Prove “if” part.

Suppose x has the form x = (v1,...,Vi—1,€4,Vit1, -, Vn_1)-

Since e; belongs to an edge on Ay:_1, we can find two vertices v}, v? € Agi_;
which form this edge, and this implies e; = Bv} + (1 — Bv2), 0 < 8 < 1.
Suppose the cost vector for this edge is w¢, then for any v} € vert(Agi_y),
wiv? < wiv} = wiv?, where “ ! 3 2

_» . : 3 _ _
; FU7 =" holds if and only if v; = v; or v; = v;.
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We can also find wj which is a cost vector for vertex v; in Nogj_q, J €

{1,...,n — 1}\{i}. Still, we have: Yv} € vert(Ag_y), wiv? < whv;, where

“=" holds if and only if v? = ;.

Now let v} = (v1, .., Vi1, V5, Vg1, ey Un_1), 02 = (V15«0 Vi1,V Vit 1y e ey Une1)
and w = (w},...,w!_,wiwl ..., wi_). Obviously x = fv' + (1 — )v?,

where 0 < 3 < 1. In addition, Vv? = (v},...,v3_,) € vert(Py,), we have:

n—1 n—1
3 _ ,e.,3 v,,3 e,,1 Vo 1
wo' =wivy + 3 wivy < wivy + ) wiv; = wv
J=1, j#i J=1, j#i
2 = 2
— € Vg, . —
= wiv;+ > wjvy; = w’
J=1, j#i
where “=” holds if and only if v3 = v! or v® = 0?2, i.e. v! and v? form an
edge on Py,

(2) Prove “only if” part.
Suppose 3 v = (v1,...v} ), v* = (vi,...v3_) € vert(Pp,) such that

n—1 n—1
x = Bo! + (1 — B)v? where 0 < 8 < 1, and v!, v? form an edge in Pp,. If
we can prove that 34 € {1,...,n — 1} such that v; # v} and vj =03,V j €
{1,...,n — 1}\{i}, then x has the form x = (v1,...,0i—1,€i, Vit1,. -, Vn_1),

where e; is on the edge of Ayi_; formed by v} and v?. We are going to prove
this statement by contradiction.
Suppose 3 i, j € {1,...,n—1} distinct such that v} # v? and vjl- =+ 1)]2-7 but v!

and v? still form an edge on P,). Let w = (w1, ..., w,_1) be the cost vector
for this edge, i.e. Vo? = (v},...03_) € vert(Pp,), wv® < wv' = wv? where
“=” holds if and only if v3 = v! or v3 = v2.

— If we set v® as following: v} = vZ, v} = v}, Vk e {1,...,n—1}\{i}.

Obviously v? # v! and v3 # v2. Thus:

n—1 n—1 n—1
wo =w?+ Y wpvp < wol =Y wpof =wiel + Y wy)
k=1, ki k=1 k=1, ki

=  wp? < wpw;.

— If we set v* as following: v} = v3, v} = vi, V k€ {1,...,n — 1}\{j}.

Obviously v? # v! and v3 # v2. Thus:

n—1 n—1 n—1
3 o2 1 1_ 1ol 1
wvd = wivi+ Y wpvp < wul = YD wpvp = wiv; + YL Wy
k=1, k#j k=1 k=1, k#j
2 1
= wivy < wjv;.
Now we set v3 as following: v} = v}, v? = vjl-, vi=0vi, Vke{l...,n—
11\{4,7}. Then we have:
n—1 n—1 n—1
wo? = wivil—i—wjv}—l— E wkvi > wiv?—i—wjv?—i— E wkv,% = E wkv,% = va,
k=1, k#i,j k=1, k#i,j k=1

i.e. wv® > wv?, which is a contradiction with our assumption.

8. Discussion.
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8.1. Connection to K2 algorithm. If we consider a criterion Q which is a
regular criterion, then it was proved that Q can be written as Q(G,D) = s(D) —
(rp,ca), where the entropy s(D) and the data vector rp only depends on the data
D and c¢g is the characteristic imset of G [12] [§]. Once the cim-polytope can be
written as a direct product of a sequences of simplices, we are able to find the optimal
BN structure by maximizing a target function in each simplex: given data D €
DATA(N,d),

n

(8.1) max Q(G,D)= min rhx= E min 5 x;,
GeGny0 x€Pg g o KAy

where x; contains the coordinates {7 C Q;U{ap} : |T| > 2, ap; € T, a;) € T, V5 > i}
in x, and the coordinates of rg’i matches the coordinates of x;. This implies that we
can find the optimal parent sets of af;, i = 2,...,n, sequentially until we obtain the
whole BN structure, which will be exactly the optimal BN structure in Gp,,) o

Equation gives a polyhedral geometric insight of the K2 algorithm [3], which
is a well-known heuristic method in learning Bayesian networks. Recall that in K2 al-
gorithm, an ordering on the nodes is also fixed and parent sets of aj;), i = 2,...,n, are
also determined sequentially. However, in order to find the optimal BN, Equation
claims that we need to find G; € Gjq,|,1 such that rg,icGi = rninxie%mi‘i1 rg,ixi,
while the K2 algorithm obtain each parent set pag(af;) by adding nodes to 0 step-
wisely (or removing nodes from {ay),...,a 1)} stepwisely), which cannot guarantee
that the resulting parent sets are optimal (see Example for a counter-example).

EXAMPLE 8.1. Consider Gz 1. The characteristic imsets of all possible graphs in
Gs,1 is listed as a matriz:

T aiby a2by asby aiazbi ajaszby asasby aiasasby

Gy o 0 0 0 0 0 0
G, 1 0o 0 0 0 0 0
G 0 1 0 0 0 0 0
cas | _ 0o 0 1 0 0 0 0
cars | T 1 1 0 1 0 0 0
CGs 1 0 1 0 1 0 0
CGrs 0 1 1 0 0 1 0

CCras 1 1 1 1 1 1 1

We are going to give counter-examples that the resulting BN of the K2 algorithm is
not the optimal solution.

e Forward selection, i.e. each parent set pag(j;)) is obtained by adding nodes

to () stepwisely. Suppose rL = (—1,-2,—1,-3,—10,—4,20) which satisfies

rLec,, = —12 < rheq, VG € G31, G # Gis, i.e. the optimal graph is
Gi13. In K2 algorithm, we start from pag(by) = 0. Next, ay is added to
pag(by) because rhcq, = —2 < rheq, = rheg, = —1. Then as is added to
pac(b1) because rheg,, = =7 < r5cg,, = —6. Procedure ends here because
rLeg,, = =7 < rbeg,,, = —1. The graph chosen by K2 algorithm, Gas, is

not the optimal graph.

e Backward selection, i.e. each parent set pag(a[ip is obtained by removing
nodes from {apy, . ..,a;_1)} stepwisely. Suppose rp, = (=3,-1,-1,3,3,0,10)
which satisfies r5cq, = —3 < rheq, VG € Gs1, G # G, i.e. the optimal
graph is G1. In K2 algorithm, we start from pag(b1) = {a1,a2,a3}. Next,
ay is removed from pag(by) because rheq,, = —2 < rbeq,, = r5eq,, = —1.
Procedure ends here because rheg,, = —2 < rheg, = rheq, = —1. The
graph chosen by K2 algorithm, Gas, is not the optimal graph.
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8.2. Open problems. Further work and open problems are still left in this
topic. As we mentioned before, the main purpose of studying the structure of cim-
polytopes is reducing the time complexity of learning Bayesian networks by suggesting
polyhedral geometry techniques. But the reality is that even we have simplified our
problem of learning BNs to LP problems over each simplex (see Equation ) in
the direct produce showed in Theorem [4.3|and Equation (4.1, and have described all
edges and facets of these simplices (see Section, if the number of nodes is large, the
procedure of searching the optimal solutions in each simplex may still be very time-
consuming. In this sense, simulations and analysis on real datasets are necessary to
compare the solution and time complexity of our method with other existing classifiers
[16]. On the other hand, we also need to study on the misspecification (i.e. the
underlying ordering of nodes is misspecified) and data sensitivity problems of our
method via simulations.

Another way to reduce the time complexity is considering setting up a maximum
number of parents to control the model complexity, especially when the number of
nodes is too large. In this case, since the underlying ordering is fixed, the cim-polytope
is still a direct product of simplices. Thus all edges of the cim-polytope can be found
similarly with Theorem but the expression of facets for each simplex is not clear.

Notice that all conclusion and discussion in this paper until now are all based on
a fixed underlying ordering of nodes. However, in practice, it is often hard to decide
such an ordering. One way to compromise is that we can fix the ordering of some
of the nodes, and consider every permutation of the rest nodes. For instance, when
we use SNP data to examine phenotypes, we are more interested in how genes affect
phenotypes and how phenotypes affect each other. Thus we can consider DAGs where
all edges between SNPs and edges from phenotypes to SNPs are forbidden, i.e. we
only need to consider the permutation of phenotypes.

This paper focuses on the case that all random variables in N are finite random
variables. It is still an open problem that how to generalize our method to the case
that some or all of the random variables in N are continuous random variables.
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