arXiv:2403.06202v2 [eess.SY] 22 May 2024

Pursuit Winning Strategies for Reach-Avoid Games
with Polygonal Obstacles

Rui Yan, Shuai Mi, Xiaoming Duan, Jintao Chen, and Xiangyang Ji

Abstract—This paper studies a multiplayer reach-avoid differ-
ential game in the presence of general polygonal obstacles that
block the players’ motions. The pursuers cooperate to protect a
convex region from the evaders who try to reach the region. We
propose a multiplayer onsite and close-to-goal (MOCG) pursuit
strategy that can tell and achieve an increasing lower bound on
the number of guaranteed defeated evaders. This pursuit strategy
fuses the subgame outcomes for multiple pursuers against one
evader with hierarchical optimal task allocation in the receding-
horizon manner. To determine the qualitative subgame outcomes
that who is the game winner, we construct three pursuit winning
regions and strategies under which the pursuers guarantee to win
against the evader, regardless of the unknown evader strategy.
First, we utilize the expanded Apollonius circles and propose the
onsite pursuit winning that achieves the capture in finite time.
Second, we introduce convex goal-covering polygons (GCPs) and
propose the close-to-goal pursuit winning for the pursuers whose
visibility region contains the whole protected region, and the goal-
visible property will be preserved afterwards. Third, we employ
Euclidean shortest paths (ESPs) and construct a pursuit winning
region and strategy for the non-goal-visible pursuers, where the
pursuers are firstly steered to positions with goal visibility along
ESPs. In each horizon, the hierarchical optimal task allocation
maximizes the number of defeated evaders and consists of four
sequential matchings: capture, enhanced, non-dominated and
closest matchings. Numerical examples are presented to illustrate
the results.

Index Terms—Reach-avoid games, differential games, polygo-
nal obstacles, pursuit winning, Euclidean shortest paths.

I. INTRODUCTION

Problem motivation and description: Differential games
provide a proper mathematical framework to study the strate-
gic behaviors of the players in the continuous state and action
spaces [17]. We consider a multiplayer reach-avoid differential
game in a polygonal region with general polygonal obstacles.
In this game, multiple pursuers protect a convex region against
a number of malicious evaders. However, the obstacles block
the motion of all players. We propose a hierarchical-matching
receding-horizon cooperative pursuit strategy that is compu-
tationally efficient and can achieve a continuously improving
lower bound on the number of evaders that can be defeated.
Our study is motivated by the recent popularity of reach-avoid
differential games [6], [13], [22], [24], [29], [33], [36], [39],
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[40] and the lack of literature on efficient winning strategies
for environments with obstacles.

Literature review: Reach-avoid differential games [24], [46],
also known as two-target differential games [4], [14], perimeter
defense games [33], or target guarding problems [11], [36], are
a class of differential games in which the evaders (or attackers)
attempt to reach a target set while avoiding the capture by
the pursuers (or defenders). The prevalence of such games in
the last decade is a result of pressing needs to provide intel-
ligent strategies for protecting critical infrastructures such as
buildings and airports, against malicious air drones and robots.
There are four common approaches to address reach-avoid dif-
ferential games. The classical Hamilton-Jacobi (HJ) analysis,
provides a general methodology, applies to nonlinear dynamics
and is ideal for low-dimensional systems [25], [26], [46]. The
characteristic method, relying on integrating backward from
non-unique terminal sets, can generate closed-form solutions
if the underlying singular surfaces are identified properly [12],
[36]. Computational geometry methods, utilising geometric
concepts such as Voronoi diagram [47], Apollonius circle [27],
[41], [44], function-based evasion space [40] and dominance
region [28], have produced a diversity of strategies for simple-
motion players. General forward reachable sets have also been
applied to linear and nonlinear dynamics [15], [29]. Learning-
based approaches have emerged recently and been proved to
be empirically superior, but still require more future effort for
performance guarantees [19], [31], [35].

Most of the works on reach-avoid differential games assume
obstacle-free environments, that is, the players can move freely
in the environment [7], [30], [33], [34], [36], [37], [39]-
[43]. However, the addition of obstacles enables the study
of more complex and realistic scenarios [18]. For example,
robots need to reach a pre-specified region in the obstacle-rich
environments while avoiding other non-cooperative robots or
moving objects, such as in urban search and rescue scenarios.
Such games can also provide a framework to study the territory
defense problems in urban and forest conflicts [2], [4]. The air
drones for package delivery must avoid the buildings, no-fly
zones and other air drones, and reach the destinations safely.

Pursuit-evasion differential games in the presence of obsta-
cles have been studied in the literature, where the capture is the
unique competition goal. For example, Oyler et al. [28] pro-
vided the dominance region in the presence of a line segment
or a triangle obstacle. Sometimes the obstacles generate both
motion and visibility constraints while the pursuer’s goal is to
maintain the evader’s visibility at all times [23], [48]. Zhou et
al. [45] proved that three pursuers are sufficient and sometimes
necessary to guarantee the capture of an equal-speed evader in



a bounded, two-dimensional arena with obstacles. The pursuer
can learn and exploit the obstacle-avoidance mechanism of the
evader to drive the latter to a trap position instead of capturing
it [21]. As a popular tool to address the safety considerations,
control barrier functions are integrated to ensure the safety of
the pursuers or evaders against obstacles [18].

However, reach-avoid differential games with obstacles are
more interesting but receive less attention due to the complex-
ity. HJ methods [6] intrinsically can deal with general obstacle
environments, but they require the state space discretization
(thus suffer from loss of accuracy), and are limited to systems
up to about five states in practice [5]. The same scalability is-
sue exists when approximating the game as a finite-state model
and then synthesizing the strategies using LTL algorithms [32].
Efficient algorithms have been proposed with restrictions, such
as discrete-time dynamics and linear-quadratic approximations
[1]. Motion planning approaches can be combined to generate
obstacle-free paths when the pursuers instead guard the target
by herding the evaders into a safe area [8].

Current approaches for reach-avoid differential games in the
presence of obstacles suffer from at least one of the following
drawbacks: the curse of dimensionality due to the state space
discretization, heavy computational burden, model approxima-
tions and lack of winning guarantees (i.e., the construction of
winning regions is missing). The winning regions [17], which
are subsets of the state space, are very appealing and useful.
A player can win if the game starts from a state in its own
winning region, despite the opponent’s strategy. As far as we
know, although the winning regions for reach-avoid differential
games without obstacles, have been treated in the literature
[9], [13], [33], [39]-[43], an efficient approach for computing
winning regions and strategies for environments with obstacles
is missing, and it becomes even harder for multiplayer games.

Contributions: Utilising computational geometry methods
and the hierarchical matching, we propose a multiplayer onsite
and close-to-goal (MOCG) pursuit strategy for reach-avoid
differential games in the presence of general polygonal ob-
stacles. This strategy is computed efficiently, and can provide
and achieve a lower bound on the number of defeated evaders
that continuously improves over time. The main contributions
are as follows:

1) For the subgame with multiple pursuers and one evader,
we propose three pairs of pursuit winning regions and
the corresponding strategies that guarantee the winning
of pursuers: onsite pursuit winning, goal-visible and non-
goal-visible cases for close-to-goal pursuit winning. All
results apply to the bounded polygonal environments with
general polygonal obstacles.

2) For the onsite pursuit winning, we propose a multiplayer
pursuit strategy based on expanded Apollonius circles in
[9], and then construct the related winning region. In
this winning, the pursuers can guarantee to capture the
evader in an obstacle-free area and in finite time, targeting
scenarios where players are close to each other with no
obstacles nearby.

3) For the close-to-goal pursuit winning, if the pursuers are
goal-visible, i.e., all points in the goal region are visible
to the pursuers, we introduce convex goal-covering poly-

gons (GCPs). We then propose a GCP-based multiplayer
pursuit strategy and construct the related winning region.
This strategy ensures that pursuers are goal-visible at all
times. In this winning, at most two pursuers are needed.

4) For the close-to-goal pursuit winning, if a pursuer is not
goal-visible, we combine GCPs with Euclidean shortest
path and propose a two-stage pursuit strategy. Then, we
construct the related winning region based on the convex
optimization. In this winning, the game will evolve to one
of last two cases eventually.

5) Finally, we present a hierarchical task assignment scheme
to merge all these subgame outcomes. A receding-horizon
MOCG pursuit strategy is proposed such that the number
of guaranteed defeated evaders is maximized at each step
and increases with iterations.

Paper organization: We introduce reach-avoid differential
games with polygonal obstacles in Section II. We present the
onsite pursuit winning, the goal-visible and non-goal-visible
cases for close-to-goal pursuit winning in Sections III, IV and
V, respectively. In Section VI, we propose the MOCG pursuit
strategy. Numerical results are presented in Section VII and
we conclude the paper in Section VIII.

Notation: Let R be the set of reals. Let R™ be the set of
n-dimensional real column vectors and |[|-||, be the Euclidean
norm. Let ¢ T denote the transpose of a vector € R™. Denote
the unit disk in R™ by S, ie., S* = {u € R"||lul]2 < 1}.
For a finite set S, let |S| be the cardinality of S. All angles in
this paper are in the range [0, 27). For two angles 6; and 65,
let D[, 03] be the set of angles from 6; to 05 in a counter-
clockwise direction, and | D[01, 62]| be the corresponding angle
difference from 6, to 6, also called angle span of DIf, 0s).
For two points &1, x5 € R2, let 123 be the line segment with
endpoints x; and xs, and o(x, x2) be the angle of the vector
from x; to x,. For three distinct points x1, xs, T3 € R2, let
Rui(x1, T2, 3) C R2 be the triangle region with vertices
x1, T and x3, and Reec(T1, T2, T3) C R? be the unbounded
circular sector by counterclockwise sweeping the line ema-
nating from x; to x, until the line from x; to x3. Further
notations are provided in Table I, which will be explained in
more detail later.

II. PROBLEM STATEMENT
A. Reach-avoid differential games with polygonal obstacles

Consider a planar reach-avoid differential game in a polyg-
onal region Q C R? with N, pursuers, & = {Pi,..., Py, },
and N, evaders, & = {F1,...,En,_}, as depicted in Fig. 1.
Each player is assumed to be a mass point and moves with
simple motion as Isaacs states [17], i.e., it is holonomic. The
dynamics of the players are described by

::B?a,, PeZ
0 1
::L’Ej, E]Gg

:tPi (t) = Upup, (t)v

CbEj (t) = UE,-qu (t),

where xp, € R? and TE; € R? are the positions of P; and
Ej, respectively, and up, and ug, are their control inputs
that belong to the admissible control set U = {u : [0,00) —
S? | u is piecewise smooth}. For P; and E;, their maximum



Table 1. Notation Table

Symbol Description Symbol Description

P Ny pursuers { Py, ..., Py, } & Ne evaders {F1,...,En,}

@] family of obstacles {O1,...,0} Q, Qgoal game region, convex goal region

Qplay play region Q \ (UoeoO U Qgoal) Qfree Qplay U Qgoal Where players can move freely
iy = vp, /v B; speed ratio between P; and E; T capture radius of P;

P, pursuit coalition {P; € £ | i € ¢} Xe =A{xp, ticc positions of all pursuers in coalition P,

Xij = (zp;, Ej) state of the subgame between P; and E; Xej = (Xe, Ej) state of the subgame between coalition P, and E;
A Apollonius circle and its interior Aj expanded Apollonius circle and its interior

Dr (=) € [0,27) direction range of @ in R o(Xej) safe distance of the subgame between P and E;

Pesp(x1, x2) Euclidean shortest path (ESP) between x1 and a2

dgsp(@1,x2) ESP distance between @1 and x2

Resp(z, £) ESP reachable region from « within distance £

Wesp(, £) wavefront from x with distance ¢

speeds are vp, > 0 and vg; > 0, respectively, and their initial
positions are «}, € R? and a:OEj € R2, respectively.

A family of obstacles in 2, denoted by O = {Oy, ..., O},
block the motions of the players, where each obstacle O; C ()
(1 <i<k)is asimple polygon (all boundaries are excluded)
and the closures of any two obstacles are disjoint. A convex
polygon §2g0a1 in €2, which is disjoint from all obstacles and
the pursuers and the evaders compete for, is called goal region
(the green polygon in Fig. 1). Formally, we have Qg0 = {x €
R? | Ajx +b; > 0,i € Iyou}, where 4; € R?*2? b; € R? and
Igoq is an index set. The game region €2 minus all obstacle
polygons and the goal region is called play region and denoted
by Qplay, 1., Qplay = 2\ (UoeoO U Qgoa1). We denote by
Qpree = Qplay U Qgoal the union of the play region and the
goal region, in which all players can move freely.

We denote by o;; = vp, /UEJ. the speed ratio between P;
and E; and consider faster pursuers, i.e., o;; > 1. Let 7; > 0
be the capture radius of P;. An evader is captured by P; if P;
is pursuing the evader, their Euclidean distance is less than or
equal to r; and the line segment connecting them is obstacle-
free (i.e., visual radius capture).

The evasion team & aims to send as many evaders initially
in the play region €)1,y as possible into the goal region Q40,1
via the paths in g, before being captured by the pursuit
team & which conversely strives to guard (2.1 against &.

In this problem, we consider the state feedback information
structure [3]. The pursuit and evasion teams make decisions
about their current control inputs with the information of all
players’ current positions. The maximum speeds of all players,
the capture radii of all pursuers and the information about (2,
Qplay, Qgoa1 and O are known by two teams.

B. Multiple-pursuer-one-evader subgames

There exists complex, non-intuitive cooperation among team
members and competition among players from different teams.
Thus, it is challenging to synthesize strategies for multiple pur-
suers and multiple evaders directly. We split the whole game
into many subgames, compute strategies for each subgame
separately and generate team strategies by piecing together
all subgame outcomes. This approach has been widely used
to solve multiplayer games [6], [13], [33], [39], [40]. Notably,
the very relevant work [6] by Chen et al. only considered one-
pursuer-one-evader subgames and solved multiplayer games

Fig. 1. Multiplayer reach-avoid differential games in the presence of black
general polygonal obstacles, where the blue pursuers protect a green convex
polygon €2g,,1 against the red evaders who start from the play region Q1.
and aim to enter §2g4,1. The obstacles block the motion of all players.

by fusing pairwise outcomes via the maximum matching. In
this paper, we consider the subgames with multiple pursuers
and one evader and fuse the subgame outcomes via hierarchi-
cal optimal task allocation.

We introduce several definitions and notations for a set of
pursuers. For any non-empty index set ¢ € 21N} let P, =
{P, € & | i € c} be a pursuit coalition containing pursuer
P; if i € c. We denote by X, and U, the positions and the
control inputs of all pursuers in P, respectively, i.e., X, =
{xp, }ticc and U, = {up, }icc. Let the product of |¢| sets U,
i.e., U, =Ux---xU, be the admissible control set for .. Let
Xcj = (X¢, TR;) be the state (i.e., position) of the subgame
between P. and E;, and X;; = (xp,,Tp,;) be the subgame
state (i.e., position) if ¢ = {i}. Any variable that depends on
the players’ positions zp, (t) or &, () is time-dependent. For
notational convenience, we omit ¢ unless needed for clarity.

For a subgame between a pursuit coalition P, and an evader
E;, the pursuit winning is defined as follows.

Definition 1 (Pursuit winning). A pursuit coalition P, € 27
guarantees to win against an evader E; € & at a state X, if
there exists a pursuit strategy U. € U, such that starting from
X.j, one of the conditions holds regardless of E;’s strategy:

1) P, can guarantee to capture E; in Qplay;

2) P, can guarantee to delay E; from entering Qgoa1 forever
unless Ej; is captured.



The state X; and the strategy U, are called a pursuit winning
state and a corresponding winning strategy, respectively. A set
of pursuit winning states are called a pursuit winning region.

C. Problems of interest

In this paper, our goal is to propose strategies for the pursuit
team & that can guarantee to win against as many evaders
simultaneously as possible (i.e., capture evaders or delay them
from entering 24,1 forever). The idea is to divide the pursuers
into many disjoint coalitions and then assign each coalition
with a carefully designed pursuit strategy to a particular evader.

To this end, we first construct three pursuit winning regions
(i.e., positions of a pursuit coalition and an evader) from which
the pursuit coalition can win regardless of the evader’s strategy.
These three pursuit winning regions correspond to different
scenarios informally defined as follows and detailed later.

Definition 2 (Three pursuit winning regions). For a pursuit
coalition and an evader, an onsite pursuit winning region
corresponds to the scenario where the pursuers are close to
the evader with no obstacles nearby. The goal-visible case
for the close-to-goal pursuit winning region corresponds to
the scenario where the pursuers can visibly see the whole
goal region, while the non-goal-visible case corresponds to
the scenario where the visibility is not satisfied.

Then, three pursuit winning regions are used during the play
to determine whether a pursuit coalition can win against an
evader. By collecting all such subgame outcomes, we generate
disjoint pursuit coalitions and assign them to evaders in real
time such that the number of defeated evaders is maximized,
where each pursuit coalition will either take the strategy that
ensures its winning or some heuristic strategy detailed below.
The assignment will change if a new assignment guaranteeing
to defeat more evaders is generated as the game evolves.

III. ONSITE PURSUIT WINNING

For a subgame between a pursuit coalition P, and an evader
E;, this section focuses on the onsite pursuit winning where
E; can be captured before the obstacles are used to assist its
evasion. We present the pursuit winning region and the related
winning strategy for P..

A. Expanded Apollonius-circle based pursuit strategy

We first recall an expanded Apollonius circle based pursuit
strategy in the obstacle-free plane for one pursuer against one

evader due to Dorothy et al. [9]. For a state X;;, we define
two variables:
2
ain:Epi—iL'E.HQ LR, — Ip;
RA - 2 . , LA = o 2J . (2)
a;; — 1 ag; — 1

Then, the Apollonius circle [17] and its interior, denoted by A,
and its expanded version with a small constant § > 0, denoted
by As (with the green boundary in Fig. 2(a)), are respectively
computed as follows:

A={x cR?||x—xal2 < Ra},

3
As={z €R?| ||z — zal2 < Ra + ). ©)

It is well-known [17] that in obstacle-free cases, starting from
the state X;;, E; can reach any point in A no later than P;,
while P; can reach any point in R?\ A before E;. Recently, by
expanding A to the larger region As, the work [9] proposed the
following pursuit strategy such that P; guarantees to capture
E; in As and in a finite time, regardless of E;’s strategy.

Lemma 1 (Pursuit strategy, [9]). In the absence of obstacles,
from time t, if P; adopts the pursuit strategy up, (1) = ﬁ

for all T > t, where z(1) is given by

TE; (T) —Tp; (T)
e, (1) — @p,(7)]]2
then regardless of E;’s strategy, P; can ensure

(i) A(T) C As(t) for all T > t;
(ii) Ej is captured in As(t) under r; =0 in a finite time.

aij(Ra(t)+0—Ra(T)) +xA(T)—2A(L)

We provide motivations for adopting the union set A; of the
expanded Apollonius circle and its interior, and some intuition
on how it works.

Remark 1. It is known [17], [38] that the set of points that P;
and Ej; can reach along their minimum distances with a time
difference r;/vp, > 0 is a Cartesian oval, which degenerates
into an Apollonius circle for r; = 0. We employ the expanded
Apollonius circle instead of the Cartesian oval in the pursuit
strategy for both r; = 0 and r; > 0, for two reasons: 1) it is
unclear whether a similar result to Lemma 1 still holds for a
pursuit strategy based on the Cartesian oval with r; > 0; 2) if
P; can guarantee to capture E; under r; = 0, then P; can also
ensure the capture under r; > 0. The extension of the strategy
in Lemma 1 to the Cartesian oval is not straightforward, and
we leave it for future work.

Remark 2. Since P; has no access to the current control input
of E;, P; and E; may move towards different points at the
boundary of A at the state X;;. Thus, P; cannot guarantee to
capture E; in A, provided that r; = 0. However, introducing
As which strictly expands A, can generate a pursuit strategy
for P; that ensures the capture in As. The general idea behind
this strategy is that instead of focusing on points in A, P; can
think a bit further (i.e., measured by §) and consider the points
that P; can reach strictly before E;. For the interested readers,
please refer to [9] which proposed this strategy, for details.

B. Onsite pursuit winning regions and strategies

We extend the results in Lemma 1 to the case of a pursuit
coalition P, against an evader E; in the presence of obstacles.

For a pursuer P; (i € c) against F;, we construct a region
as follows. For a state X;;, let 7, and 7, be two distinct
points in A such that the line segments Tp, 7, and Tp,TT,
are tangent to the circle Ay, see Fig. 2(a). By (3), we have

@7, — Tallz = Ra+6, (@1, —xp,) (@1, —Ta) =0
for £ = 1,2, from which we obtain
bi(zp, —xa) +la(xp, — Ta)°
lzp, —zall3
U(zp, —xa) — lo(xp, —a)°
lzp, —zall3

T, =T+ ’

xT, =Tp+

)



Fig. 2. Onsite pursuit winning. (a) one pursuer: if two regions As and
Rui surrounded by the green expanded Apollonius circle and black triangle,
respectively, are obstacle-free, then P; guarantees to capture E; in As in a
finite time. (b) pursuit coalition: if every pursuer in a coalition can capture
an evader individually, then the evader will be captured in the intersection of
all regions bounded by expanded Apollonius circles, i.e., 023:11&5,1-.

where for a vector = [z,y]" € R?, let z° = [y, —z] ", and
01 = (Ra+06)%, la= (Ra+6)\/||zp, — mall2 — b1
Then, we construct a region induced by X;; as follows:
RO = Ryi(@p,, T1,, 21,) U As, 4)

which is the union of two regions with black and green bound-
aries in Fig. 2(a). We use R;’;‘S“‘* to construct the following
pursuit winning region for P; against Ej.

Theorem 1 (Onsite pursuit winning). At time t, if the positions
X;j of P; and Ej satisfy

REC(t)N O = () for all O € O and As(t) N Qgoar = 0 (5)

then using the pursuit strategy in Lemma 1 for all T > t, P;
can guarantee to capture E; in As(t) despite E;’s strategy.

Proof. We first consider the case when there is no obstacle.
If P; adopts the pursuit strategy in Lemma 1, then starting
from X;; at time ¢, P; can guarantee to capture E; in A;(¢)
under the point capture r; = 0 and in a finite time. This also
applies to our case 7; > 0 due to a larger capture range. When
the obstacles are present, the same conclusion follows if we
can prove that P; using this pursuit strategy never leaves the
region ’R‘;’;‘Si‘e(t) before Ej; is captured despite E;’s strategy.
This is because R{}*(¢) is obstacle-free and As(t) does not
intersect with g0a1 by (5).

Let tcapure > t be the first time when E; is captured by F;
if there is no obstacle. Next, we prove that xp, (7) € RY™(t)
for all t < 7 < teapture- By Lemma 1(i), we have A(7) C As(¢)
and thus by (4), A(T) C R¥*(t). Under the pursuit strategy
in Lemma 1, P; always moves along the direction z(7). Then
the conclusion follows if we can show that for any ¢ < 7 <
teapture, 2(T) consistently points from & p, (7) to A(7). That is,
the straight line emanating from xp,(7) along the direction
z(7) intersects with A(7).

Since xA(7) — xp, (1) = of; (@, (7) —xp,(7))/(0F; — 1)
using (2), then z(7) has the equivalent form

@A(1) — 2P (7)

aij(RA(t)Jr(SfRA(T)) |la(T) — xp, (T)]|2

+.’I)A(7')7:13A(t).

Without changing wp, (7), by rearranging, the direction z(7)

can be further rewritten as follows:

[xa(T) —@p,(7)[[2(xA(T) — 2A(D))
@i (Ra(t) + 0 — Ra(7))

zA(T) —xp(T) +

= m}(’t (T) —Tp (T)a

where 7}, (7) is the sum of the first and third terms. Therefore,
up, (7) can be represented as

xh (1) —xp, (1)
up, (1) = —- - ; (6)
&}, (1) — 2P, (7)]]2
that is, P; always moves towards the point . (7). Since two
disks A(7) and As(t) satisfy A(7) C As(¢), then
[za(T) —2a(t)ll2 < Ra(t) + 6 — Ra(7).
Therefore, we have

[#a(7) = 2P (T)l2]lZa(T) = 2A@)]]2

xp, (1) — xa(T)]2 = aij(Ra(t) +6 — Ra(7))

[#a(7) — 2P (T)]2

Oéij
aijllep, (1) — @E, (1)||2
= ‘ = R
ozfj -1 a(7),

where (2) is used in the last two equalities. Thus, x% (1) €
A(7), implying that P; always moves towards a point in A(7),
ie, xp, (7). Since xp, (t) € RYP(t) and A1) C RYP(1),
we have xp, (1) € R‘Z?;-‘s“e(t) for all t < 7 < teapture- Since (5)
says there is no obstacle in R¢}*“(), then P; can capture £
without hitting any obstacle. O

Using Theorem 1, we then have the following onsite pursuit
winning region and strategy for P, against I;.

Lemma 2 (Onsite pursuit winning for coalitions). At time t,
if the positions X.; of P, and E; are such that (5) holds for
all © € ¢, then using the pursuit strategy in Lemma 1 for each
pursuer P; in P, and all T > t, P. can guarantee to capture
E; in NiecAs,i(t), where As;(t) is the expanded Apollonius
circle and its interior for P; against E; at time t.

Proof. For each pursuer P; (i € c), since (5) holds, then by
Theorem 1, P; can capture E; in A;;(t) on its own. Thus,
this further implies that P, can capture E; in N;e.Aq,(¢). O

Remark 3. By Lemma 2, if more pursuers satisfy (5) against
one evader, then the evader is guaranteed to be captured in
a smaller or equal region and in a shorter or equal time.
For instance, in Fig. 2(b), three pursuers guarantee to capture
the evader in the intersection of the regions bounded by three
expanded Apollonius circles. Since (5) and the pursuit strategy
in Lemma 1 are both independent of the other pursuers, the
resulting cooperative pursuit strategy inherently allows for the
distributed implementation.

IV. CLOSE-TO-GOAL PURSUIT WINNING I:
GOAL-VISIBLE CASE

For the case when the condition (5) required by the onsite
pursuit winning does not hold, we propose another two pursuit
winning regions and strategies for the subgames. This section



presents the first case where the pursuers can visually see the
whole goal region.

A. Goal-visible points and convex goal-covering polygons

In order to construct the pursuit winning regions and strate-
gies, we introduce several new geometric concepts and propose
methods to verify or construct them. Utilising these concepts,
we classify the points in g into two categories. Then, we
investigate the pursuit winning regions and strategies when the
pursuers are in each category separately, in the current and the
next sections, respectively. Recall that Qgce = Qplay U Qgoal-
The classification is as follows.

Definition 3 (Goal-visible point). A point € Qe is called
goal-visible if for any point y € Qgoa1, Y is visible to x, i.e.,
the line segment Ty does not intersect with obstacles in O.

Definition 3 shows that if a pursuer is at a goal-visible point
(i.e.,  in Fig. 3(a)), then it can reach any point in Q0.1 via an
obstacle-free line segment. However, a pursuer at a non-goal-
visible point (i.e.,  in Fig. 3(b)) needs to change its direction
in order to reach some point in 4.,1. If a goal-visible point is
in 1.y, We next define a pair of critical points for verifying
the goal-visible property and computing the pursuit strategies.

RSCC
o Rscc
. =
)
(a) ‘ (b) '
Fig. 3. (a) goal-visible point @ with a pair (1, x2) of minimum-covering

points: all points in Qgq,1 are visible to @ and Qgoal C Riec (X, 1, X2).
(b) non-goal-visible point a: at least one point in £2,441 is not visible to .
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Definition 4 (Pair of minimum-covering points). For a goal-
viivil?le point x m Qpléy, (1, x2) € Qéoal is called a pair of
minimum-covering points for « if Qgoal C Reec (T, T1, X2).

Let Vioql be the set of vertices of (goa1. As {25041 is a convex
polygon, a pair of minimum-covering points for a goal-visible
point « in {1,y can be computed by verifying the condition
Qgoal C Reec(x, 1, T2) for any two vertices &1, &2 € Vyoul.
For instance, the blue region in Fig. 3(a) is the circular sector
Rsec(, 21, x2) that covers Qgoal.

Now we are ready to show the verification approach.

Lemma 3 (Verifying a goal-visible point). A point € € Qgyee
is goal-visible if and only if one of the two conditions holds:
i) @ € Qgoat; 1) T € Nplay and Ryi(x,x1,22) N O =0 for
all O € O, where (x1,x2) € Q2. is a pair of minimum-
covering points for x.

Proof. Regarding i), all points in g, are goal-visible by
Definition 3, as {4041 is obstacle-free and convex.

Regarding ii), if € € Qplay and Ryi(z, 1, 22)NO = 0 for
all O € O, then by Definition 4 and the convexity of (44,1, the
line segment xy does not intersect with the obstacles for all

Y € Qgoal, i.€., T is goal-visible, where 1, T2 € R2 are a pair
of minimum-covering points for . Conversely, if £ € Qpay
is goal-visible, then by Definition 3, the line segment Yy does
not intersect with the obstacles for all y € Q40,1 and thus for
all y at the line segment T1@3. Therefore, Ryi(x, 1, x2) N
O = () for all O € O, which completes the proof. O

We construct a class of polygons, which can ensure the con-
sistent goal-visible property and will be used in synthesizing
pursuit winning strategies below.

Definition 5 (Convex goal-covering polygon). A polygon R C
R? is a convex goal-covering polygon (GCP) for a goal-visible
point € Qe if 1) R is convex, ii) x € R, ii1) R C Qree
and iv) Qgoar is covered by R (i.e., Qgoal C R).

As an illustration, the orange regions in Fig. 4 are convex
GCPs for the underlying points x, differing in whether « is at
the boundary of the convex GCP. The following lemma shows
that such convex GCPs always exist and possess the following
consistent property.

D ’
g
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(a)
Fig. 4. Convex goal-covering polygon (GCP). The orange polygon R is a
convex GCP for @, as i) R is convex, it) © € R, i) R C Qfree and

Qgoal C R. (a) if x is at the boundary of R, the direction range Dx (x)
is the blue direction range; otherwise (b) D (x) = [0, 2m).

Lemma 4 (Existence and consistency). If a point € Qgeo
is goal-visible, then there must exist a convex GCP for x. If
R C Qpee is a convex GCP for some goal-visible point, then
all points in 'R are goal-visible.

Proof. Regarding the existence, consider a goal-visible point
T € Qpree. If @ € Qgoal, then Qgq,1 i a natural convex GCP
for x. If © € 1.y, then by Definition 4 there exist a pair of
minimum-covering points (1, x2) € Qéoal for x, where x;
and =y are two vertices of (Qgoal, i.€., T1, %2 € Vgou. Let §
be the set of vertices in Vyou Which are not in Ryi(x, 1, z2).
Since Qgoal is a convex polygon and Qgoal C Reec (X, 1, T2),
then the vertex set SU{x, 1, x>} forms a convex polygon R
that covers 2gqa1. Thus, R satisfies the conditions ¢), ¢4) and
iv) in Definition 5. As @ is goal-visible, then Ryi(x, 1, T2)
is obstacle-free. Recall that Qgoa1 C free. Hence, we obtain
that R C Qgee and therefore R is a convex GCP for x.
Regarding the consistency, since R is convex and obstacle-
free and covers {1441, then all points in R have obstacle-free
line segments to any point in (g4, i.€., all points in R are
goal-visible. O

Remark 4. Lemma 4 implies that, if a pursuer is at a goal-
visible point, then moving towards any point in a convex GCP
(it indeed exists) for this goal-visible point can ensure that the
pursuer is goal-visible consistently.



The following concept is proposed to characterize the set of
moving directions in a convex GCP in Remark 4 that preserve
the goal-visible property.

Definition 6 (Direction range in a convex GCP). Let R be a
convex GCP for a goal-visible point x € Qgee. The direction
range of « in R, denoted by Dr(x) C [0,27), is the set of
angles {o(x,y) |y # x,y € R}.

The direction range can be easily identified as follows.

Remark 5. Let R be a convex GCP for a goal-visible point x.
As in Fig. 4(a), if  is at the boundary of R, then Dg(x) =
DIOF,0Y), where 0L,0Y € [0,27) are two directions of the
edges from x along R’s boundary. As in Fig. 4(b), if « is in
the interior of R, then Dg(x) = [0, 2m).

B. Goal-visible pursuit winning

We consider the first category where all pursuers in a pursuit
coalition P, are goal-visible (i.e., lie at goal-visible points).
The following concept for the obstacle-free case introduced in
[17] is required for the strategy synthesis below.

Definition 7 (Evasion region). Given a state X.j, the evasion
region is the set of points in R? that E; can reach prior to
the capture by P., regardless of P,.’s strategy, in the absence
of obstacles.

According to [40], the closure of the evasion region, denoted
by E(c, j), is bounded, strictly convex and given by

]E(Caj) = {iI} € R2 | flj($7ij) Z Ovl S C}a

where f;; : R? x R? x R? — R for i € c is defined as

)

fij(®, Xij) = |l — xp, |2 — qijlle — zg,ll2 — 7.

Note that the Apollonius circle is a special case of the evasion
region’s boundary when r; = 0. Then, the safe distance of
X.j, denoted by Q(ch), is defined as the signed distance
between E(c, j) and Qgoa1, Which can be computed using the
convex optimization below.

Definition 8 (Safe distance). For a state X.;, let (x1,x¢) be

the solution of the convex optimization problem P(X.;):
minimize x —

(z,y)ER2 xR H yH2

subject to fij(ilt,Xij) >0,Viec ®)

Amy + bm 2 0; Ym € Igoal~

If1) x; = xq and fij(xr, X,5) > 0 foralli € ¢, or2) x; =
xq and Ay xr + by, > 0 for all m € Iy, then o(X.j) =
—00, and 9(X.;) = ||lxr — z¢||2 otherwise.

In order to construct the pursuit winning region and strategy,
we next present a sufficient condition on the pursuit strategies
to ensure the goal-visible consistency.

Lemma 5 (Consistent goal-visible pursuit strategy). At time t,
suppose that x p, is goal-visible. If a pursuit strategy up, (1) =
[cos 0;(7),sin 0;(7)] T is such that P; moves towards a point in
a convex GCP R;(7) for xp,(7), i.e., 0;(T) € Dg,(r)(xp,(T))
Sor all T > t, then xp,(T) is goal-visible for all T > t.

(b)

Fig. 5. Goal-visible pursuit winning. If P; is goal-visible and the safe distance
(i.e., the distance between the region E (red boundary) and gq,1) is non-
negative, then P; guarantees to win against £/;, which also applies to a pursuit
coalition. Let R; be a (orange) convex GCP for @ p, with the direction angle
span ¢. The pursuit winning strategy, which ensures the consistent goal-visible
property, is as follows. (a) If the closest point & in E to Qg0a1 is in the
angle span ¢, then P; moves towards x. (b) If @ is not in ¢, then P;
moves along one edge of R;. After a small time step, P; reaches cch which
is goal-visible and has a convex GCP R/ with the angle span ¢’. The evader
and the closest point are updated to w}aj and a7, respectively.

Proof. Since xp, (t) is goal-visible, then according to Lemma
4 there exists a convex GCP R, (t) for x p,(t). Since xp, (t) €
R;(t) by Definition 5 and P; moves towards a point in R; (%)
under the input up, (t) (i.e., 0;(t) € D, ) (zp, (1)), then after
moving along wp, (t) with a small time interval At > 0, we
have zp, (t + At) € R;(t) (note that R;(t) is convex). Then,
the consistency in Lemma 4 shows that xp, (¢ + At) is goal-
visible for which there exists a convex GCP R;(¢t+ At). Thus,
the conclusion follows by the similar argument for @ p, (t+At)
and the increasing iteration. [

Utilising the safe distance, goal visibility and convex GCPs,
we next present the pursuit winning region and strategy for
the goal-visible case of the close-to-goal pursuit winning, as
illustrated in Fig. 5.

Theorem 2 (Goal-visible pursuit winning). At time t, if the
positions X; of P. and E; are such that

1) xp, is goal-visible for all i € c;

2) the safe distance is non-negative, i.e., 0(X.;) > 0;

then x p,(7) is goal-visible for all T > t and all i € ¢, and P,
can guarantee to win against I, regardless of E;’s strategy,
by using the pursuit strategy for all i € c as follows:

up, (1) = [cos b;(T), sin Hi(T)]T 9)
for all T > t, where

0;(1) = argmineeDRi(T)(mPi(T)) |0 — o(xp, (T),27(7))| (10)

In (10), D, (- (xp,(T)) is the direction range of xp,(T) in a
convex GCP R;(7) and (x1(7), x (7)) is the optimal solution
to P(X.;(7)) in (8).



Proof. The conclusion follows if we can prove that under the
pursuit strategy (9), xp, (7) is goal-visible for all i € ¢ and the
safe distance is non-negative, i.e., o(X.;(7)) > 0 (note that
xp,(7) € E(c,j) before E; is captured), for all 7 > ¢. This
holds for 7 =t due to the conditions 1) and 2).

We first prove the consistent goal-visible property under the
strategy (9). Note that «p, (t) is goal-visible and (9) indicates
that 0;(7) € Dg,(-y(zp,(7)) for all 7 > t. Then, by Lemma
5 we obtain that x p, (7) is goal-visible for all 7 > ¢t and i € c,
where a convex GCP R;(7) exists by the proof of Lemma 5.

We show the consistent non-negative safe distance under the
strategy (9), i.e., o(X,;(7)) > 0 for all 7 > ¢. At time 7, let
(z7(1),2c(T)) be the optimal solution to P(X.;(7)) in (8)
and 07 (1) = o(xp, (7),x1(7)). There are two possible cases.

Case 1: 07 (1) € Dg,()(xp,(7)) for all i € c, where one
pursuer case is shown in Fig. 5(a) and ¢ is the angle span of
Dg, (= (xp,(7)). Then, (10) implies that 6;(7) = 0;(7) and
thus the strategy (9) becomes

__@i(7) —xp(7)

xr (1) —xp, (T

21 (7) — zp.( )H2(11)
If o(X.;(7)) > 0, then (x;(7), (7)) is the unique optimal
solution to P(X.;(7)) in (8), as E(c, j) is strictly convex and
g0a1 is convex. For notation simplicity, we let d(x, y) = || —
y||2 for z,y € R?, and omit the time argument 7 temporarily
here. According to the Karush-Kuhn-Tucker (KKT) conditions,
the solution (x;,x) satisfies

0 = Vzd(zr, zc) + Zi@ AiVa fij(xr, Xij)
0=Vyd(z;zc)+ ) Am A

mME Igoa
fij(xr, Xi5) >0, A <0, Nifij(xr, Xi5) =0, i€c
Amxe + by > 0, A\, <0, /\m(AmmG + bm) =0,me Igoal
(12)
where \;, A\, € R are the Lagrange multipliers, and V, and
V represent the gradient operators with respect to « and y,
respectively. The slackness condition on xg in (12) implies
that the index set I, can be classified into two disjoint index
sets I=9 and 1> where

wp,(7) = [cos 0; (7),sin 0; (7)] T

i

goal goal
Anxa +bym =0, A\ <0, if m e IZ) (13)
Ampxa +b, >0, Ay =0, ifmelgigl.

Then, the speed of the closure E(c, j) of the evasion region
moving away from Qg1 i.e., 9(X.;), can be computed as

. d
o(Xej) = 5 d(@r,26)
= V;d(aq, :Bg)m.[ + V;—d(w[, QIG):iJG

= Zieg‘ivlfij(wl’ Xij)ar — Z
- _ Zq’,ec)\ivlfij(wl’Xij)i:I - Z
=- Ziec)‘ivlfu(wh Xij) &1

where the third and forth equalities follow from (12) and (13),
respectively. The last equality follows due to the fact that for
m € Igzogl, x is always at the boundary A,,xg + b,, = 0,

and thus A & = 0. Then, by following the similar argument

AmAl e
ME lgon mem

)\mA—r To
= m
’Elgmg

in the proof of [40, Theorem 3.1], we can obtain that if every
pursuer in P, adopts the strategy (11), then g(X.;) > 0. This
guarantees that the safe distance will not strictly decrease and
therefore the non-negative property holds for all 7 > ¢, as
0(X¢;(7)) > 0 initially, i.e., when 7 = t.

Case 2: there exist a subset ¢ of pursuers in ¢ such that
07 (1) & D, () (xp, (7)) for all i € ¢, where one pursuer case
is in Fig. 5(b). The strategy (9) indicates that each pursuer in ¢
moves along the direction 6;(7) which is different from 67 (7).
Thus, the safe distance may decrease, i.e., 0(X.;(7)) <0, as
E(c,j) may approach Qgo.1. However, since xp, (1) is goal-
visible for all 7 > ¢ and ¢ € ¢ under (9), the direction from
x p,(7) to any point in Qg is in D, -y (xp,(7)). Thus, there
must exist 7' > 7 such that 0} (7') € Dg, - (xp, (")) for all
i € ¢ before E(c, j) intersects with the interior of {240, i.€., a
negative safe distance. This implies that we go back to Case 1
for which the non-negative safe distance is guaranteed under
the strategy (11). Thus, we complete the proof. O

Remark 6. Since the safe distance in Definition 8 is defined
by ignoring obstacles, the proof of Lemma 3.3 in [40] where
at most three pursuers are needed to ensure the winning in the
three-dimensional space, can be easily adapted to prove that
if a pursuit coalition is able to defend the goal region against
an evader via the goal-visible pursuit winning, then at most
two pursuers in the coalition are necessarily needed.

Note that the pursuit winning strategy in Theorem 2 requires
a convex GCP R;(7) for the goal-visible point xp, (7) at time
7 for all i € ¢, which exists by Lemma 4. If (x1, ) is a
pair of minimum-covering points for x p, (7), then as Fig. 3(a)
indicates, there exists a convex GCP R;(7) such that

DRi(T)(mPi (T)) = D[O’(:I)pi (7'),:131), U(wpi (T)va)]' (14)

However, if {4041 is @ small region, then the direction range
(14) has a small angle span and thus under the strategy (9),
the pursuer will finally move closely around or in {2goa1. In
order to achieve a larger range of movement for the pursuers,
we next present a method to construct another class of convex
GCPs. Let Vs be the set of the vertices of obstacles in O.
We first introduce the following specific vertices. Recall that
for two angles 0; and 62, D[6,05] is the set of angles from
61 to B2 in a counterclockwise direction, and |D[f1, 65]| is the
angle span of D[, 65].

Definition 9 (First-visible obstacle vertex). For a goal-visible
point & € Qplay, a pair of obstacle vertices (y*,yY) € V3,
is first-visible for x if

L

y~ = argmin Do (z,y),0(z, z")]

yE‘/ohs

subject to |Dlo(z,y),o(z,z")]| <
U (15)

|Dlo(z,y),0(z,z")]| <7

Ty is obstacle-free
yY = argmin,, .y, |D[o(x,2Y), o(z, y)]|

subject to |Dlo(z,z"),0(z,y)]| < 7
. (16)

|D[o(z,x"),0(x,y)]| <7

xy is obstacle-free



Fig. 6. First-visible obstacle vertices y~ and yU. For a goal-visible point
2 with a pair of minimum-covering points (zZ, V), yL is the first visible
obstacle vertex when rotating o (z, ) in a clockwise direction (i.e., span
¢1) before hitting o(V, &) (i.e., until span ¢2). If there is no such vertex,
yl = 22 — xU is the symmetry point to 22V with respect to . The point
yY is defined similarly but in a counterclockwise direction from o (x, U ).

where (xX, 2Y) is a pair of minimum-covering points for x. If
the problem (15) is infeasible, we define y* = 2x — xU, and
L

if the problem (16) is infeasible, we define yV = 2x — x”.

Remark 7. The first-visible obstacle vertex in Definition 9 is
described geometrically in Fig. 6. Recall that (z",zV) is a
pair of minimum-covering points for x. Then, y* is the first
visible obstacle vertex when rotating o(x,x") centered at x
in a clockwise direction (i.e., span ¢, ) before hitting o(zV , x)
(i.e., until span ¢o). If there is no such vertex, y* = 2x — x¥
is the symmetry point to U with respect to x. The point yY
is defined similarly but is counterclockwise from o(x,xY).

Using the first-visible obstacle vertices, we next construct a
class of convex GCPs that achieve a larger range of movement
than (14) for the pursuers, illustrated in Fig. 7 if xp, € Qplay.

Theorem 3 (Constructing convex GCPs). For a goal-visible
Tp, € Qree, if Tp, € Qgoal, then there exists a convex GCP
R; such that D, (xzp,) = [0,27); if Tp, € Qplay, then there
exists a convex GCP R; such that Dg,(xp,) is given by

Do~ 0], if [D[o",0"]| <7
DI#*, 0L + 7] or D[OY — 7,0Y], otherwise
17)
where 0% = o(zp,,y*), 0V = o(zp,,yY) and (y,yY) is a
pair of first-visible obstacle vertices for xp,.

Proof. Consider a goal-visible point Tp, € Qpee. If Tp, €
Qgoal, then Qgq,1 is a natural convex GCP for xp,. Note that
Qg0a1 does not intersect with the obstacles. We can expand
Qgoa1 by moving each edge of (25,.1 along its outward normal
vector with a small distance and obtain a larger convex GCP
R for xp, such that xp, is in the interior of R;. Therefore,
by Remark 5 we have Dg,(xp,) = [0, 27).

We next construct a convex GCP for xp, € 1.y, depicted
in Fig. 7. Let (x, zY) be a pair of minimum-covering points
and (y%,yY) a pair of first-visible obstacle vertices for xp,.
Also let 0% = o(zp,,y*) and Y = o(xp,,yY). There are
two cases depending on whether | D[67,0Y]| < 7 holds, which
will be discussed separately.

Case 1: |D[0L,0Y]| < m, shown in Fig. 7(a). We first focus
on the part on 0L, We extend the farther boundary of goal

Fig. 7. Convex GCPs via first-visible obstacle vertices. Let 6 = o(xp,, yl)
and 0V = o(x pi,yU). All orange regions are proved to be obstacle-free.
() if | D[6L,6Y]| < =, then the region (counterclockwise vertices zp,, =,
z’, Y, yY) is a convex GCP for zp,. (b) if |D[#F,0Y]| > =, then two
regions (vertices x p, , yL, L, x', V) and (vertices zp,, z", o, zU, yY)
can be expanded into convex GCPs for  p, such that the direction ranges for
xp, are D[OL, 0L + «] and D[V — 7, 6V, respectively.

that goes through z”, and then obtain an intersection point
x’" with the line segment xp,y~ (if there is no intersection
as in the case for Y, we take yU). For notation convenience,
we define the following polygons via vertices:

R : counterclockwise vertices xp,, x”, x’, 2V
R : counterclockwise vertices xp,, ", x’, ¥

R, : counterclockwise vertices xp,, ", x” .

We can use the same argument if there is more than one vertex
(i.e., more than ') of Q0,1 from ™ to Y counterclockwise.

By Definition 4, R is a natural convex GCP for = p,. Then,
R1 is convex as 1) it is constructed by replacing the constraint
by the line through x p, and & with the constraint by the line
through p, and =" and 2) the first two constraints in (15)
ensure that

0L € Dlo(zY, xp,),0(xp,, x")].

Also note that xp, € R1 and 25001 C R;. In order to show
that R; is a convex GCP for x p,, it remains to prove that R
is obstacle-free. Since R = RoUR- and Ry is obstacle-free,
the problem is reduced to proving that the orange region R
is obstacle-free. Suppose that R, is not obstacle-free. Then,
we have that 1) either Ry contains at least one obstacle; 2)
or there is an obstacle edge penetrating at least one of edges
x”xl and x”x p,; 3) or mixture of 1) and 2). For the case 1),
there must exist an obstacle vertex in Ry that has a strictly
smaller value for (15), which contradicts with the fact that
y’ is the first-visible obstacle vertex. For the case 2), if the
obstacle edge only penetrates x” L, then it goes back to case
1) as there will be at least one visible obstacle vertex in Ro.
If the obstacle edge penetrates =" x p,, then y’ is not visible.
For the case 3), it goes back to either 1) or 2). Moreover, R is
obstacle-free even if three points  p,, L and a’ are collinear
as we can extend Uz’ via «’ and prove similarly. Hence, R
is obstacle-free and thus R; is a convex GCP for xp,.

Then, for the part on Y, we define the following polygons:

R3 : counterclockwise vertices @ pz.,azL7 ' x¥, yY
. . : n o0 U U
‘R4 : counterclockwise vertices ©p,, ", ', T,y .
By the similar analysis, we obtain that R3 is a convex GCP

for xp,. Since |D[#%,0Y]| < 7, we have that R is a convex
GCP for xp, where Dg, (xp,) = D[O*,0Y].



Case 2: |D[07,0Y]| > , shown in Fig. 7(b). We define the
polygon R® whose counterclockwise vertices are = p,, y~ and
xl. Following the same argument in the case 1, we obtain that
R? and R® are convex GCPs for zp,. Since R® is obstacle
free and |D[0L,0Y]| > m, then by extending yUzp, via zp,
we can expand R3 and construct a convex GCP R¢ for xp,
such that D, (zp,) = D[0Y —n,0Y]. Similarly, by expanding
Rs, we can construct a convex GCP R7 for xp, such that
Dg,(zp,) = D[0F, 0% + 7], which completes the proof. [

V. CLOSE-TO-GOAL PURSUIT WINNING II:
NON-GOAL-VISIBLE CASE

In this section, we present the second case for the close-to-
goal pursuit winning where the pursuers cannot see the whole
goal region. We will construct the pursuit winning region and
strategy based on the Euclidean shortest path, reachable region
and wavefront in the presence of polygonal obstacles.

A. Euclidean shortest path, reachable region and wavefront

We first review three geometric concepts and then present
two lemmas on the representations.

Definition 10 (Euclidean shortest path, [16]). Given two points
1, T2 in Qree, a Euclidean shortest path (ESP) between them,
denoted by Pgsp(x1,x2), is an obstacle-free path of minimum
total length connecting x; and xs.

Definition 11 (ESP reachable region). For a point © € Qypee,
the ESP reachable region from x in a distance ¢ > 0, denoted
by Resp(x, £), consists of points in Qpee whose ESP distance
to x is less than or equal to /.

Definition 12 (Wavefront, [16]). For a point © € Qfree, the
wavefront from x in a distance £ > 0, denoted by Wgsp(x, £)
(may be empty), consists of points in Qe whose ESP distance
to x is /.

For visualization, the ESP, ESP reachable region and wave-
front are drawn in blue path in Fig. 8(a), grey region and its
boundary in Fig. 8(b), respectively. Let dgsp(@1,x2) be the
length of Pgsp(1,x2). If ESPs are not unique, Pgsp(x1, T2)
may refer to an arbitrary one. The next two lemmas show that
the ESP and wavefront have finite representations.

Lemma 6 (ESP Representation, [16]). An ESP Pgsp(x1,T2)
can be represented as an ordered set of obstacle vertices plus
starting point x1 and ending point xs.

Lemma 7 (Wavefront representation, [16]). A nonempty wave-
Sfront Wgsp(x, £) can be represented as a set of disjoint paths
(called wavelets) with an index set I, and each wavelet k € 1
is a circular arc centered on an obstacle vertex or x.

With the ordered set in Lemma 6, an ESP can be recovered
by sequentially connecting the vertices in this set. By Lemma
7, each wavelet can be described by a tuple (y, €, 61, 62) which
represents a circular arc centered at an obstacle vertex (or the
start point) y with radius e starting from angle 6, and ending at
angle 6, counterclockwise. For instance, two adjacent wavelets
(i.e., two red curves, which correspond to circular sectors with

Rk

sec

Pesp \
Wesp

Z, ‘ e REsp ‘

(a) (b)

Fig. 8. Geometric concepts. (a) A (blue) Euclidean shortest path (ESP) Pgsp
between @1 and x2. (b) The grey region Rgsp is the ESP reachable region
from « in a given distance, and its boundary Wggp is called wavefront. The
wavefront Wigsp is a set of circular wavelets and each (red) wavelet induces
a circular sector RE, centered on an obstacle vertex or . The red and blue
regions are two circular sectors centered on the same vertex induced by two
adjacent wavelets, respectively. Notably, the division of Wggp into wavelets
is based on the ESP algorithm in [16].

different colors) are highlighted in Fig. 8(b). A wavefront is
then constructed by connecting all adjacent wavelets (please
refer to [16] for details). Notably, the division of Wggp into
wavelets here is based on the ESP algorithm in [16].

Remark 8. In this paper, for a wavelet (y,¢€,01,02), if the
angle difference from 01 to 05 in a counterclockwise direction
is greater than m, we split this wavelet evenly into two shorter
wavelets whose angle differences will be not more than T.
Such a split can ensure each wavelet induces a convex circular
sector (e.g., the red or blue region in Fig. 8(b)), which will be
used to construct the pursuit winning region below.

B. Non-goal-visible pursuit winning

Combing the ESP, reachable region, wavefront and the goal-
visible pursuit winning in Section IV, we next construct the
pursuit winning region and strategy for the pursuer who is not
at a goal-visible point. The idea is to first steer the pursuer to a
goal-visible point and then check if the pursuit winning can be
guaranteed from this point via Theorem 2. We generalize the
safe distance in order to check the condition (é¢) in Theorem 2.
Let Voi‘; C Vobs be the set of goal-visible obstacle vertices, for
instance, green obstacle vertices in Fig. 9 are all goal-visible.
First, we generalize the safe distance as follows.

Definition 13 (Anchored ESP-based safe distance). For a state
X.; and a goal-visible obstacle vertex s € V5, the anchored

ESP-based safe distance pa(X;;, s) is defined as the optimal
value of the problem

minimize ||z — yl|2
z,xz,yER?
subject to & € Resp(xg,, desp(xp,, 5)/ij)
fij(x7 S, j) >0, Amy + by, > O,Vm € Igoal-
(13)

Remark 9. The anchored ESP-based safe distance 04(X;j, s)
involves two stages as in Fig. 9: in the first stage, P; moves to
a goal-visible obstacle vertex s (called anchor point) along an
ESP which takes the time dgsp(xp,, 8)/vp,. The grey region is
the ESP reachable region Rgsp(x g, , desp(Tp,, 8)/ij) from
X, in this duration. In the second stage, 04(Xj, 8) is defined
as the minimal safe distance when P; is at s while E; can



wpi

Fig. 9. Non-goal-visible pursuit winning. All goal-visible obstacle vertices
VO%): are in green. If P; is not goal-visible and there exists s € Vj): such that
the anchored ESP-based safe distance p 4 is non-negative, then P; guarantees
to win against F;. The distance 04 anchored at s is computed as follows.
In the first stage, P; moves to s along an (blue) ESP, and the grey region
is the ESP reachable region from « g in this duration. In the second stage,
04 is defined as the minimal safe distance when P; is at s and E; is at any
point (say &* achieves the minimum) in the grey region. The pursuit winning
strategy is to first move along the ESP to s and then adopting the goal-visible
pursuit winning strategy.

be any point in the grey region. In the figure, ** achieves the
minimal safe distance.

Since Resp(x g, , desp(Tp,, 8)/ ;) is generally non-convex
due to the presence of obstacles, computing the anchored ESP-
based safe distance involves solving the nonlinear optimization
problem (18). We next present an approximate, efficient solu-
tion to the problem (18), thus providing a sufficient condition
for the non-negative anchored ESP-based safe distance. Recall
that the angle difference for any wavelet is not more than 7
by Remark 8. The following concept is required.

Definition 14 (Circular sectors for a wavefront). For a wave-
front Wesp(x, £) with an index set I, let RE_ be the circular
sector (e.g., red region in Fig. 8(b)) formed by a wavelet k € I,
represented by (y,¢€,061,02), and its center y, i.e.,

RE. ={z€R? |||z —yll2 < & [-sinbi,cos61] 2z >0

[~ sin @y, cos )"z < 0}.

Then, Reee = {RE

oo | k €I} is called the circular sectors for
WESP(JZ, f)

Lemma 8 (Non-negative anchored ESP-based safe distance).
For a state X;; and a goal-visible obstacle vertex s € V3.,
let I and R be the index set and circular sectors for the
wavefront Wesp(x g, , desp(T p,, 8)/cij), respectively. If

1) aijdesp(zp;,x) > desp(xp,, s) for all © € Viou;

2) minkel Jl: > 0,‘
where let dj, = max cry ||z — sl|2 for a wavelet k € I and
J} is the optimal value to the convex optimization problem

minimize ||z — y|2

z,xz,ycR?
subject to & € Rfec, Apy + by > 0,Ym € Lyou
e — &2 < (dr — 1)/ (i — 1)
[z — sllz < (qijdi —ri)/(ou; — 1)
then p4(X;;,s) > 0.

19)

Proof. The condition 1) indicates that E; has not yet reached
any vertex of 00,1 When P; reaches s. This implies that for

each circular sector RE, € R, the associated center’s ESP
distance to xp, is not more than dgsp(xp,, 8)/ ;.

Since RE_ is a convex set and the other constraints in (19)
are convex, then (19) is a convex optimization problem.

Using Definitions 11, 12 and 14 and Lemma 7, we have
UrerRE, C Rese(zE;, desp(xp,, 8)/cvij) . Therefore, Defini-
tion 13 implies that the lemma holds if the last two constraints
in (19) are looser than the constraint f;;(x,s, &) > 0 in (18).

We relax f;;(x,s,Z) > 0 into two looser constraints:

[z — |2+ |2 - sl2 — ajjllz =22 = > 0=
|z — 22 < (|2 —sll2 — i)/ (s — 1)<(dy, —73)/(cij — 1)

and
[ — sll2 — ai([le —sl2 — ls —@[]2) —r: =0 =
||ZE . 8”2 S OéinS — il:||2 —T; S Ozijdk —T;
Q5 — 1 Qg5 — 1
which thus completes the proof. O

Utilising all these ESP-based concepts, we next present the
pursuit winning region and strategy for the non-goal-visible
case of the close-to-goal pursuit winning, illustrated in Fig. 9.

Theorem 4 (Non-goal-visible pursuit winning). At time t, if
the positions X;; of P; and E; are such that

1) xp, is not goal-visible;
2) there exists at least one goal-visible obstacle vertex s €
V& such that the anchored ESP-based safe distance is

obs
non-negative, i.e., pa(Xi;,s) > 0;

then P; can guarantee to win against E;, regardless of E;’s
strategy, by using the pursuit strategy that computes up,(T)
for T >t as follows:

Along Pgsp(xp, (1), s)
©

ift<r<t+ dESP(wPi (t), S)/’Upi
if m>t+ dEsp(CEpi(t), S)/’Upi .
(20)
Proof. A goal-visible obstacle vertex s € V3 exists such that
04(X;;(t),s) > 0. Then, as Remark 9 states, P; can reach the
vertex s along the ESP Pgsp(@p, (t), s) which takes the time
desp(xp, (t), 8)/vp,. The safe distance is non-negative when
P; reaches s, regardless of E;’ strategy. Thus, since s is goal-
visible, then by Theorem 2 the strategy (9) can ensure P;’s
winning against F;. O

VI. MULTIPLAYER PURSUIT STRATEGY

In this section, we propose a multiplayer pursuit strategy by
fusing the subgame outcomes in Sections III, IV and V with
hierarchical optimal task allocation to ensure a lower bound
on the number of defeated evaders and improve the bound
continually. Before that, we first present an evasion winning
region and strategy which can conversely help the pursuit team
to distribute its team members to the evaders more efficiently.



A. Evasion winning

Based on the ESP, we construct an evasion winning region
and strategy which will be used in the following matchings.

Lemma 9 (ESP-based evasion winning). If the positions X,
of P; and Ej; are such that there exists € Qgoa1 satisfying

dgsp(Tp,, ) — i > aijdesp(TE;, T) (21

then E; can guarantee to reach §goa1 before being captured by
P; by moving along Pgsp(xp;,x), regardless of P;’ strategy.

Proof. Suppose that at time ¢, the positions of P; and E; are
X;;. The conclusion follows if we can prove that the distance
between two players is always greater than 7; when E; moves
along Pgsp(T g, (t), x). It implies that ||z p, (T) — x g, (7)(2 >
ri forall t <7 <t+dgsp(xg,(t), x)/vE,. For simplicity, we
let dIIEDSP = dEsp(SCpi (t), a:) and dEESP = dEsp(ij (t), ZC)

Suppose that there exists a pursuit strategy ujDi such that
Ej is captured by P, i.e., [|[p, (7") =g, (7')[|2 < i, at some
timet < 7/ < dgsp /vE; +1t. We can construct an obstacle-free
path P’ along which P; can reach x: first, move to xp, (')
under u’Pi; then, move to x g, (7') directly (recall that this path
is obstacle-free due to the visual capture condition); finally,
move along part of Pesp(zg; (t), ) to reach x as xp, (7') is
on the path Pesp(xg; (), x). Let t’ be the time of P; reaching
x along the path P’. Then we have t' < 7/ + (r; + dEp —
vg, (7" —t))/vp,. Thus, the length of P’, denoted by d(P’),
satisfies

d(P') - dllzpsp =vp (' — 1) - dgsp

<wp, (7 —t) + 1 + dEsp — v, (7' — ) — dEsp

< (1= 1/ai)vp,(t" =) + i+ (disp — 13) i — dissp
= (1= 1/ai;)(vp, (" — ) + 1; — digp)

< (1= 1)) (vp,dfsp /v, + i — digp) <0,

where the second and fourth inequalities are due to (21), which
is a contradiction as dfp is the ESP from zp, and . O

As a sufficient and efficient method, we practically check
the evasion winning condition (21) over finitely many critical
points in a1, for instance, the vertices of {2goal.

B. Multiplayer onsite and close-to-goal pursuit strategy

We next present the multiplayer onsite and close-to-goal
(MOCG) pursuit strategy in Algorithm 1. In each iteration, the
strategy first generates a hierarchical task allocation between
pursuit coalitions and evaders to maximize the number of
defeated evaders (a lower bound). Then, the strategy computes
the pursuit strategies that can ensure the lower bound. The task
allocation is dynamic and will change over time (therefore, the
pursuit strategies may also change), if a new task allocation
guaranteeing to defeat more evaders is generated as the game
evolves. The hierarchical task allocation involves four match-
ings which are generated sequentially at each iteration.

Capture matching. Firstly, we generate a capture matching
in which each matched evader can be defeated by the assigned
pursuer(s). By Remarks 3 and 6 and Theorem 4, the capture
matching is simplified as we only need to consider all pursuit

Algorithm 1 MOCG pursuit strategy
Initialize: {z, }p,c», {2}, } 5 es
I xp, wOPi, TE, x%j forall P, € & and E; € &
2: Vp — [9]2, VE — &
3: gz:apture — 07 Mdefeat — @
4: repeat
5 for P, € &, E; € Vg do
6: T;; < Check_pursuit_winning(X;;)
7: Add e;; o Eif Tij >1
8.
9

for P, ¢ Vp, E; € Vg do
: if |c| =2 and e;; ¢ £ for all ¢ € ¢ then
10: T¢; <+ Check_pursuit_winning(X_;)
11: Add e to £ if Te; =2
12: M3 < solve the BIP (22) for graph (Vp U Vg, &)
13: Mdefeal — Mf if |M{(| > Mdefeat

14: for e.; € Myefear do

15: up, < Lemma 1 agst. E; if T;; =1 (c = {i})
16: up, < (9) agst. B; if T,; =2 forall i € ¢

17: up, < (20) agst. E; if T;; =3 (c = {i})

18: for unassigned P; € & do

19: up, < Lemma 1 agst. an E; € Vp if T}; =1

20: Vp, Vg < all unmatched P; € & and E; € Vg
21: for P, € Vp, Ej € Vg do

22: Add e;; to € if (21) does not hold

23: M3 + a maximum matching for graph (Vp U Vg, &)
24: up, < Definition 15 agst. E; for all e;; € M3

25: for unassigned P; € & do

26: up, < Definition 15 agst. closest E;

27: Adopt any strategy for E; € Vg

28: Update xp,, zg, with a time step A

29: Seapture — Seapure U {captured evader(s) in Vg }

30: Remove captured/arrival evaders from Vg and Mgefeat

31: until Vg =0

Algorithm 2 Check_pursuit_winning(X,;)

: ch ~0
. if X,; satisfies (5) for all ¢ € c then
T <1 > Onsite pursuit winning

else if X; meets conditions in Theorem 2 then

Tej <2 > Visible-goal pursuit winning
. else if |¢] = 1 & X.; meets conditions in Theorem 4 then
Ty <3 > Non-visible-goal pursuit winning
: return T

e A A

coalitions of size no more than two. Let G = (Vp U Vg, &)
be an undirected bipartite graph with two vertex sets Vp and
Vg, and a set of edges £. In our problem, Vp is the set of all
nonempty pursuit coalitions of size less than or equal to two,
and Vg the set of evaders. The edge connecting vertex P, €
Vp and vertex I; € Vg is denoted by e.;. For a state X.;, we
check the pursuit winning via Check_pursuit_winning(X;)
(Algorithm 2). We add e.; into &£ if and only if the returned
value satisfies T,,; > 1, that is, P, guarantees to win against
E; through the onsite (T,;; = 1), goal-visible (1T.; = 2) or



non-goal-visible (T.; = 3) pursuit winnings. Let C = (&, €)
be a conflict graph of G, where each vertex in C corresponds
uniquely to an edge in G. An edge & € £ if and only if two
vertexes (two edges in G) connected by e involve at least one
common pursuer.

The problem of maximizing the number of defeated evaders
can be formulated as a binary integer program (BIP):

Qs
Zeq €& €

maximize
acj,apq€{0,1}

subject to ac; <1, VE; €V
] ZPCEVP cj =4 J E (22)
ZEJEVE a; <1, VP €Vp
Aej + apg <1, V(egj,epq) €E
where a.; = 1 means the allocation of P, to capture Ej,
and a.; = 0 means no assignment. Let a* be an optimal

solution to (22). Then, we obtain a maximum matching M} C
& of G subject to the constraint C, where e.; € My if and
only if a}; = 1. For each assignment (P, E;) € My, the
pursuer(s) in P. adopts the strategy in Lemma 2, Theorems 2
or 4 depending on the value of T;; to capture E; (lines 5-17).

Enhanced matching. We then generate an enhanced matching
to improve the performance of the onsite matchings in M.
As Remark 3 indicates that, the more pursuers that can ensure
the onsite pursuit winning against an evader are tasked to the
evader, the smaller or equal region in which the evader will be
captured. Therefore, we assign each unassigned pursuer to an
evader it can win against via the onsite winning (lines 18-19).

Non-dominated matching. We next generate a non-dominated
matching in which no pursuer is assigned to an evader that
it cannot win against. For the remaining unmatched pursuers
Vp and evaders Vg, let G = (Vp U Vg, €) be an undirected
bipartite graph, where e;; € & if and only if E; cannot ensure
the evasion winning in Lemma 9. A non-dominated matching
My is then a maximum bipartite matching of G which can
be computed in polynomial time (e.g., via maximum network
flow [10]). Each pursuer adopts the following ESP-pure strat-
egy to pursue the matched evader (lines 20-24).

Definition 15 (ESP-pure pursuit strategy). For the positions
Xij of Py and Ej, if up, is along the ESP Pgsp(Tp,, TE;) at
T p,, then wp, is called the ESP-pure pursuit strategy.

Closest matching. We finally generate a closest matching for
the remaining unassigned pursuers. If these pursuers exist, then
it means that either 1) all evaders have been matched or 2) the
remaining evaders can win against them. Therefore, a closest
matching is as follows: each remaining unassigned pursuer
pursues the closest unmatched evader if present and the closest
evader otherwise, via the ESP-pure pursuit strategy (lines 25-
26).

We have the following guarantee on the number of defeated
evaders with the MOCG pursuit strategy.

Theorem 5 (Increasing lower bound for guaranteed defeated
evaders). Using the MOCG pursuit strategy, the pursuit team
& guarantees to win against at least |Eapure] + |Macteat|
evaders simultaneously at each iteration, regardless of the

evasion team &’s strategy. Moreover,
increasing with iterations.

éacapturel + |Mdefeat| is

Proof. The conclusion directly follows from Theorems 1, 2
and 4, and the fact that the matching will change only if more
evaders can be defeated in the new matching. O

VII. SIMULATIONS

In order to illustrate the MOCG pursuit strategy, we run the
multiplayer reach-avoid differential games in various scenarios
with different obstacle shapes and distributions, team sizes and
initial configurations. We use the first-visible obstacle vertices
to construct convex GCPs (see Theorem 3) if necessary. In all
scenarios, the strategies of the evaders are generated randomly
which are unknown to the pursuers. The games in all scenarios
take less than one minute as the pursuit winning regions and
strategies have closed forms or require solving simple convex
optimization problems.

Case 1: onsite pursuit winning. Consider three pursuers P,
P5, P3; and one evader E; in Fig. 10(1a). The initial positions
of each pursuer and FE; satisfy (5), as they are close and there
is no obstacle nearby. Thus, by Theorem 1, each pursuer can
ensure the onsite pursuit winning against F individually via
the strategy in Lemma 1, i.e., capture F in the corresponding
dotted expanded Apollonius circle in a finite time, regardless
of E;’s strategy. Furthermore, Lemma 2 demonstrates that £
will be captured in the intersection of three regions bounded
by the expanded Apollonius circles. In this case, P} captures
E; at the yellow star.

Case 2: goal-visible pursuit winning. Consider two pursuers
Py, P, and one evader E; in Fig. 10(2a). Their initial positions
do not satisfy (5) but conditions in Theorem 2. In Fig. 10(2a),
two pursuers are goal-visible with the orange direction ranges.
The safe distance is positive as the red closest point in the
evasion region to the goal region is outside the goal region.
Thus, two pursuers can ensure the goal-visible pursuit winning
via the strategy (9), regardless of F';’s strategy. In the snapshot
of Fig. 10(2b), two pursuers are heading towards the closest
point as this point is in their direction ranges. The snapshot
of Fig. 10(2c) shows that P; captures F; at the yellow star.

Case 3: non-goal-visible pursuit winning. Consider two pur-
suers P, P, and two evaders E;, Fy in Fig. 10(3a). Their
initial positions do not satisfy (5) and conditions in Theorem 2.
In Fig. 10(3a), two pursuers are not goal-visible and all goal-
visible obstacle vertices are in green. P; and E; (also P, and
E5) meet the conditions in Theorem 4 initially. Thus, P; (resp.,
P5) ensures the non-goal-visible pursuit winning against Fy
(resp., F) via the strategy (20), despite FE4’s (resp., E3’s)
strategy. The goal-visible obstacle vertices that two pursuers
are heading for are marked as larger green vertices. In the
snapshot of Fig. 10(3b), P, has passed the vertex and become
goal-visible with the orange direction range, while P, has not
yet. In the snapshot of Fig. 10(3¢c), P, and P> are both goal-
visible. In the snapshot of Fig. 10(3d), two pursuers capture
the evaders using the onsite pursuit winning strategy as in the
final period, they are close with no obstacles nearby.
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(2¢)

(3d)

(4d)

Fig. 10. Four simulations with the MOCG pursuit strategy. (1a) Onsite pursuit winning for three pursuers and one evader. (2a)-(2c) Goal-visible pursuit
winning for two pursuers and one evader. (3a)-(3d) Non-goal-visible pursuit winning for two pursuers and two evaders. (4a)-(4d) Three pursuit winnings

for eight pursuers and six evaders.

Case 4: Three pursuit winnings. Consider eight pursuers P;
(1=1,...,8) and six evaders F; (j = 1,...,6) in Fig. 10(4a).
The MOCG pursuit strategy initially generates six matchings
indicated by dotted lines: two two-to-one and four one-to-one
matching pairs. The capture matchings include: 1) P, ensures
the onsite pursuit winning against F5; 2) Fs and P; ensure
the goal-visible pursuit winning against Eg; 3) Py (resp., Ps)
ensures the non-goal-visible winning against F; (resp., Ey).
The enhanced matching is P5 against E’5 via the onsite pursuit
winning. There is one closest matching between Pg and E.
Therefore, the MOCG pursuit strategy can guarantee to win

against four evaders initially. In the snapshot of Fig. 10(4b),
FEJ5 is able to reach the goal region, while 4 and Es5 have been
captured respectively by Ps and P; who continue to capture
other evaders. In the snapshot of Fig. 10(4c), the pursuers
still guarantee to defeat four evaders where three have been
captured and one (i.e., 1) is being pursued. In the snapshot of
Fig. 10(4d), the pursuers are able to capture five evaders, which
demonstrates that the MOCG pursuit strategy can achieve an
increasing number of defeated evaders as the game evolves.



VIII. CONCLUSION

We presented the MOCG pursuit strategy for multiplayer
reach-avoid differential games in polygonal environments with
general polygonal obstacles. This strategy provides a lower
bound on the number of defeated evaders and continually
improve the lower bound if a task allocation that can win
against more evaders is found as the game evolves. This strat-
egy does not require the state space discretization as in many
HJ-based approaches and is computationally efficient. This is
because all pursuit winning regions and strategies involved
either have closed forms or are computed by solving simple
convex optimization problems. The three proposed winnings
cover three common scenarios. The onsite pursuit winning
corresponds to the scenario where the pursuers are close to
the evader with no obstacles nearby. The goal-visible case for
the close-to-goal pursuit winning corresponds to the scenario
where the pursuers can visibly see the whole goal region,
while the non-goal-visible case corresponds to the scenario
where the visibility fails. The three main employed concepts,
expanded Apollonius circles, convex GCPs and ESPs, show
that computational geometry methods are powerful in solving
games with obstacles. The hierarchical task assignment prior-
itizes the number of defeated evaders and is complete as it
generates the tasks for all pursuers. Future work will involve
distributed games, games with limited visible areas and more
complicated reconnaissance games with obstacles [20].
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