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STABILITY RESULTS OF LOCALLY COUPLED WAVE EQUATIONS WITH LOCAL
KELVIN-VOIGT DAMPING: CASES WHEN THE SUPPORTS OF DAMPING AND
COUPLING COEFFICIENTS ARE DISJOINT

MOHAMMAD AKIL!, HAIDAR BADAWI!, AND SERGE NICAISE!

ABSTRACT. In this paper, we study the direct/indirect stability of locally coupled wave equations with local
Kelvin-Voigt dampings/damping and by assuming that the supports of the dampings and the coupling coeffi-
cients are disjoint. First, we prove the well-posedness, strong stability, and polynomial stability for some one
dimensional coupled systems. Moreover, under some geometric control condition, we prove the well-posedness
and strong stability in the multi-dimensional case.
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1. INTRODUCTION

The direct and indirect stability of locally coupled wave equations with local damping arouses many interests in
recent years. The study of coupled systems is also motivated by several physical considerations like Timoshenko
and Bresse systems (see for instance [10, 6, 3, 2, 1, 15, 14]). The exponential or polynomial stability of the wave
equation with a local Kelvin-Voigt damping is considered in [20, 23, 13], for instance. On the other hand, the
direct and indirect stability of locally and coupled wave equations with local viscous dampings are analyzed in
[8, 18, 16]. In this paper, we are interested in locally coupled wave equations with local Kelvin-Voigt dampings.
Before stating our main contributions, let us mention similar results for such systems. In 2019, Hayek et al. in
[17], studied the stabilization of a multi-dimensional system of weakly coupled wave equations with one or two
locally Kelvin-Voigt damping and non-smooth coefficient at the interface. They established different stability
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results. In 2021, Akil et al. in [24], studied the stability of an elastic/viscoelastic transmission problem of
locally coupled waves with non-smooth coefficients, by considering:

Ut — (aux + boX(al,QS)um)z + CoX(az,an¥t =0, in (0, L) x (0, 00),
Ytt — Yoz — COX(az,aq)Ut = 0, in (0, L) x (0, 00),
w(0,t) = u(L,t) = y(0,t) = y(L,t) =0, in (0, 00),

where a,by, L > 0, cg # 0, and 0 < a1 < ay < az < a4 < L. They established a polynomial energy decay
rate of type t~1. In the same year, Akil et al. in [5], studied the stability of a singular local interaction
elastic/viscoelastic coupled wave equations with time delay, by considering:

Utt — [aum + X(O,B)(Klutm + KUty (t - 7_))]1 + CoX(a,y)Yt = 0, in (07 L) X (07 00)7
Ytt — Yoz — COX(ayy)Ut = 0, in (0, L) x (0,00),
u(0,t) =u(L,t) = y(0,t) = y(L,t) =0, in (0, 00),

where a, k1, L > 0, ka,¢0 # 0, and 0 < o < § < v < L. They proved that the energy of their system decays
polynomially in ¢~!. In 2021, Akil et al. in [4], studied the stability of coupled wave models with locally
memory in a past history framework via non-smooth coeflicients on the interface, by considering;:

Ugp — (auz + boX(QHQ)/ g(s)ux(t — s)ds> + coX(a,y)¥t =0, in (0,L) x (0, 00),
0 T

Ytt — Yzz — COX(ayy)Ut = 0, in (0, L) x (0,00),
u(0,t) = u(L,t) = y(0,t) = y(L,t) =0, in (0, 00),

where a,bp, L > 0, ¢ #0,0< a <8 <~y <L,and g : [0,00) — (0,00) is the convolution kernel function.
They established an exponential energy decay rate if the two waves have the same speed of propagation. In
case of different speed of propagation, they proved that the energy of their system decays polynomially with
rate t~1. In the same year, Akil et al. in [7], studied the stability of a multi-dimensional elastic/viscoelastic
transmission problem with Kelvin-Voigt damping and non-smooth coefficient at the interface, they established
some polynomial stability results under some geometric control condition. In those previous literature, the
authors deal with the locally coupled wave equations with local damping and by assuming that there is an
intersection between the damping and coupling regions. The aim of this paper is to study the direct/indirect
stability of locally coupled wave equations with Kelvin-Voigt dampings/damping localized via non-smooth
coefficients/coefficient and by assuming that the supports of the dampings and coupling coefficients are disjoint.
In the first part of this paper, we consider the following one dimensional coupled system:

(1.1) gy — (aug +bug,), +cyr = 0, (x,t) € (0,L) x (0,00),
(1.2) Yt — Yo + dyie), —cuy = 0, (x,t) € (0,L) x (0,00),
with fully Dirichlet boundary conditions,

(1.3) u(0,t) = u(L,t) = y(0,t) = y(L,t) =0, t € (0,00),

and the following initial conditions

(1.4) u(,0) = uo("), ue(-,0) =ui(), y(-,0) =yo(-) and w(-,0)=w:1(-), = € (0,L).

In this part, for all by, dy > 0 and ¢g # 0, we treat the following three cases:

Case 1 (See Figure 1):

) { b(@) = boX(b1,60) (%), €(@) = COX(er,e0) (%), d(x) = doX(ay,d) (T),
where 0 < by < by <1 <o <dy <do < L.

Case 2 (See Figure 2):

) { b(@) = boX(b1,62) (%), €(@) = COX(er,e0) (%), d(x) = doX(ay,d) (T),
where 0 < by < by <dy <do <cy1 <cg <L




Case 3 (See Figure 3):
(03) b(I) == bOX(bl,bg)('r)7 C(I) = COX(Cl,Cz)(I)? d(I) = 07
where 0 < b1 < by <1 <o < L.

While in the second part, we consider the following multi-dimensional coupled system:

FIGURE 1. Geometric description of the functions b, ¢ and d in Case 1.
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FIGURE 2. Geometric description of the functions b, ¢ and d in Case 2.
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FIGURE 3. Geometric description of the functions b and ¢ in Case 3.

(1.5) ug — div(Vu +bug) +cyr = 0 in £ x (0, 00),
(1.6) ye —Ay—cyy = 0 in Q x (0,00),
with full Dirichlet boundary condition

(1.7) u=y=0 on I x(0,00),

and the following initial condition

(1.8) u(-0) = uo(+), w(+0) =wui(-), y(-,0) = yo(-) and y;(-,0) = g1 (") in Q,




where Q € R?, d > 2 is an open and bounded set with boundary T of class C2. Here, b,c € L>(Q) are such
that b: Q — R, is the viscoelastic damping coeflicient, ¢ : 2 — R is the coupling function and

(1.9) b(z) >bo >0 in wp, CN, clx)>cr#0 in w.CN and c¢(z) =0 on Nw,
and
(1.10) meas (w.NT) >0 and w,Nw, = 0.

In the first part of this paper, we study the direct and indirect stability of system (1.1)-(1.4) by consider-
ing the three cases (C1), (C2), and (C3). In Subsection 2.1, we prove the well-posedness of our system by using
a semigroup approach. In Subsection 2.2, by using a general criteria of Arendt-Batty, we prove the strong
stability of our system in the absence of the compactness of the resolvent. Finally, in Subsection 2.3, by using
a frequency domain approach combined with a specific multiplier method, we prove that our system decay
polynomially in ¢t=* or in ¢~ 1.

In the second part of this paper, we study the indirect stability of system (1.5)-(1.8). In Subsection 3.1,
we prove the well-posedness of our system by using a semigroup approach. Finally, in Subsection 3.2, under
some geometric control condition, we prove the strong stability of this system.

2. DIRECT AND INDIRECT STABILITY IN THE ONE DIMENSIONAL CASE

In this section, we study the well-posedness, strong stability, and polynomial stability of system (1.1)-(1.4).
The main result of this section are the following three subsections.

2.1. Well-Posedness. In this subsection, we will establish the well-posedness of system (1.1)-(1.4) by using
semigroup approach. The energy of system (1.1)-(1.4) is given by

2

Let (u,ut,y,y:) be a regular solution of (1.1)-(1.4). Multiplying (1.1) and (1.2) by u; and 7z respectively, then
using the boundary conditions (1.3), we get

1 L
B0 = [ (P + alual+ e + o) do
0

L
B0 =~ [ Oluel? + dyel?)
0
Thus, if (C1) or (C2) or (C3) holds, we get E’(t) < 0. Therefore, system (1.1)-(1.4) is dissipative in the sense
that its energy is non-increasing with respect to time ¢. Let us define the energy space ‘H by
H = (Hg(0,L) x L*(0,L))>.
The energy space H is equipped with the following inner product

L L L L
(U, U1)y = / vo1dx + a/ Uy (T1) pdx —|—/ 2z dx —|—/ Yz (7)) dz,
0 0 0 0
for all U = (u,v,y,2)  and Uy = (u1,v1,51,21)  in H. We define the unbounded linear operator A : D (A) C
H — H by
D(A) ={ U= (u,v,y,2)" €H; v,z € Hy(0, L), (auy +bva)e € L*(0, L), (ya +dz)a € L*(0,L) }
and
'A(ua v, Y, Z)T = (1), (auI + b’UI)I — ¢z z, (yx + de)z + CU)T ’ VU = (U’a v, Y, Z)T € D ('A) .

Now, if U = (u, us,y,y:) | is the state of system (1.1)-(1.4), then it is transformed into the following first order
evolution equation

(2.1) Ue= AU, U(0) = o,
where Uy = (u07u17y07y1)T S 2




Proposition 2.1. If (C1) or (C2) or (C3) holds. Then, the unbounded linear operator A is m-dissipative in
the Hilbert space H.

Proof. For all U = (u,v,y,2)" € D(A), we have
L L
R (AU, U),, = —/ blv|*dx —/ d|z.)?dz <0,
0 0
which implies that A is dissipative. Now, similiar to Proposition 2.1 in [24] (see also [5] and [4]), we can prove
that there exists a unique solution U = (u,v,y,2)" € D(A) of
—AU =F, VF=(f % M7 eH.

Then 0 € p(A) and A is an isomorphism and since p(A) is open in C (see Theorem 6.7 (Chapter III) in [19]),
we easily get R(A] — . A) = H for a sufficiently small A > 0. This, together with the dissipativeness of A, imply
that D (A) is dense in H and that A is m-dissipative in A (see Theorems 4.5, 4.6 in [22]). O

According to Lumer-Phillips theorem (see [22]), then the operator A generates a Cp-semigroup of contrac-
tions e in H which gives the well-posedness of (2.1). Then, we have the following result:
Theorem 2.2. For all Uy € H, system (2.1) admits a unique weak solution
U(t) = MUy € CO(Ry, H).
Moreover, if Uy € D(A), then the system (2.1) admits a unique strong solution
U(t) = Uy € CO(Ry, D(A)) N CY(Ry, H).

2.2. Strong Stability. In this subsection, we will prove the strong stability of system (1.1)-(1.4). We define
the following conditions:

(SSC1) (C1) holds and || < min ( va , ! ) )
Cy —C1 Co —C1
(SSC3) (C3) holds, a=1 and |co| < .
Cy — C1

The main result of this section is the following theorem.
Theorem 2.3. Assume that (SSC1) or (C2) or (SSC3) holds. Then, the Cy-semigroup of contractions (et““)t>0
is strongly stable in H; i.e. for all Uy € H, the solution of (2.1) satisfies -

: tA —
400l =0

According to Theorem A.2, to prove Theorem 2.3, we need to prove that the operator A has no pure imaginary
eigenvalues and o(A) N4R is countable. Its proof has been divided into the following Lemmas.

Lemma 2.4. Assume that (SSC1) or (C2) or (SSC3) holds. Then, for all A € R, iAI — A is injective, i.e.
ker (iA] — A) = {0}.

Proof. From Proposition 2.1, we have 0 € p(A). We still need to show the result for A € R*. For this aim,
suppose that there exists a real number A # 0 and U = (u, v, y, z)T € D(A) such that

AU = i\U.
Equivalently, we have
(2.2) Vo= iAu,
(2.3) (auy 4+ bvg)y —cz = idv,
(2.4) z = iy,
(2.5) (yp +dzg) +cv = idz.
Next, a straightforward computation gives
L L
(2.6) 0=R3ENU,U), = R(AU,U),, = —/ blvg|?dz —/ d| 2| d.
0 0
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Inserting (2.2) and (2.4) in (2.3) and (2.5), we get

(2.7) N+ (aug +id\bug), —idey = 0 in (0,L),
(2.8) Ny 4 (Yo + iNdys)s +idew = 0 in (0, L),
with the boundary conditions
(2.9) w(0) = u(L) = y(0) = y(L) = 0.
e Case 1: Assume that (SSC1) holds. From (2.2), (2.4) and (2.6), we deduce that
(2.10) Uy =0, =0 in (by,b2) and y, =2, =0 in (dy,d2).
Using (2.7), (2.8) and (2.10), we obtain
(2.11) MU+ auz, =0 in (0,¢1) and ANy 4y =0 in (co, L).
Deriving the above equations with respect to z and using (2.10), we get
AUy + Qg =0 in (0,c1), MYy + Ypzz =0 in (co, L),

(2.12) and

{ Uy =0 in  (b1,b2) C (0,¢1), { Yp =0 in (dq,ds2) C (cg,L).
Using the unique continuation theorem, we get
(2.13) uy =0 in (0,¢1) and y, =0 in (cg, L)
Using (2.13) and the fact that w(0) = y(L) = 0, we get
(2.14) u=0 in (0,¢1) and y=0 in (c2,L).

Now, our aim is to prove that u = y = 0 in (c1, c2). For this aim, using (2.14) and the fact that u,y € C1([0, L]),
we obtain the following boundary conditions

(2.15) u(er) = ugz(er) = y(ea) = yu(c2) = 0.
Multiplying (2.7) by —2(z — c2)u, integrating over (c1,c2) and taking the real part, we get
co Cco Cc2
(2.16) - / N (x — c2)(Jul?)pda — a/ (x — ¢2) (|uz|2)m dzr + 2R <i)\00/ (x — @)yﬂﬂlm) =0,
c1 c1 C1
using integration by parts and (2.15), we get
Cco Cc2 Cc2
(2.17) / |\ul>dx + a/ Jug |2dx + 2R (i)\co/ (x — cz)yﬂmdag> = 0.
c1 c1 c1
Multiplying (2.8) by —2(x — ¢1)7,,, integrating over (c1, ¢2), taking the real part, and using the same argument
as above, we get

Cco c2 Cc2
(2.18) / |\y|?da +/ |y |2dx + 2R (z’)\co/ (z — cl)uyxda@> =0.

C1 C1 C1

Adding (2.17) and (2.18), we get

Cc2 Cc2 Cc2 Cc2 Cc2
(2.19) / Nuf’dz +a / iy P + / Iy [2da + / e 2dz < 2)\[Jcol(c2 — ) / (e + [ullya]) d.

c1 c1 c1 c1 (&1
Using Young’s inequality in (2.19), we get

“ 2 2 2 T ez —c1)® [ o
/ [Aul dx—l—a/ [t dx—i—/ [Ay| da:—l—/ lye|“dx < / [Ay|“dx
a

C1 C1 C1 C1 Cc1

(2.20) . o o
ba [udint ea—e? [Pt [l Pas,

c1 C1 c1
consequently, we get
2 _ 2 C2 C2
(2.21) (1 - M) / Nyl2da + (1= cB(cs —c1)?) / I\ul2dz < 0.
a c1 c1

Thus, from the above inequality and (SSC1), we get
(2.22) u=y=0 in (c1,c2).




Next, we need to prove that u = 0 in (cz, L) and y = 0 in (0, ¢1). For this aim, from (2.22) and the fact that
u,y € C1([0, L]), we obtain

(2.23) u(ea) =uz(ce) =0 and y(c1) = yu(c1) = 0.
It follows from (2.7), (2.8) and (2.23) that

N2+ augy =0 in (e, L), Ny +yze =0 in (0,c1),
(2.24) and
{ u(cz) = ua(c2) = u(L) =0, { y(0) =y(c1) = yalc1) = 0.
Holmgren uniqueness theorem yields
(2.25) u=0 in (c,L) and y=0 in (0,¢1).
Therefore, from (2.2), (2.4), (2.14), (2.22) and (2.25), we deduce that

U=0.

e Case 2: Assume that (C2) holds. From (2.2), (2.4) and (2.6), we deduce that

(2.26) Uy =0, =0 in (b1,b2) and y, =2, =0 in (di,ds).
Using (2.7), (2.8) and (2.26), we obtain
(2.27) N+ atg, =0 in (0,¢1) and ANy 45z =0 in (0,¢1).
Deriving the above equations with respect to « and using (2.26), we get
AUy + AUz =0 in (0,¢1), A9y 4+ Yowe =0 in (0,c1),

(2.28) and

{ Uy =0 in (b1,b2) C (0,¢q), { Yo =0 in (dq,dz2) C (0,c1).
Using the unique continuation theorem, we get
(2.29) uy =0 in (0,¢1) and y, =0 in (0,c1).
From (2.29) and the fact that «(0) = y(0) = 0, we get
(2.30) u=0 in (0,¢1) and y =0 in (0,¢1).
Using the fact that u,y € C*([0, L]) and (2.30), we get
(2.31) u(er) = ug(c1) = yler) = ya(er) = 0.

Now, using the definition of ¢(z) in (2.7)-(2.8), (2.26) and (2.31) and Holmgren theorem, we get
u=y =0 in (c1,ca).

Again, using the fact that u,y € C1([0, L]), we get

(2.32) u(ez) = ualc2) = ylea) = yulez) = 0.

Now, using the same argument as in Case 1, we obtain
u=y=01in (c, L),

consequently, we deduce that

U=0.
e Case 3: Assume that (SSC3) holds. Using the same argument as in Cases 1 and 2, we obtain
(2.33) u=0 in (0,¢1) and wu(ec1) =wuz(c1) =0.

Step 1. The aim of this step is to prove that

C2 Cc2
(2.34) /|u|2dx:/ Iy | dz.
C1 C1
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For this aim, multiplying (2.7) by 7 and (2.8) by T and using integration by parts, we get

L L c2
(2.35) / Nugde — / Uy Yrdx — iAco / ly|*da
0 0 c1

0,

|
e

L L C2
(2.36) / Nyude — / Yo Uzdx + iAco / lu|?dx
0 0 C1

Adding (2.35) and (2.36), taking the imaginary part, we get (2.34).
Step 2. Multiplying (2.7) by —2(x — ¢2)u,, integrating over (c1, c2) and taking the real part, we get
co Cco Cc2
(2.37) —® </ N (x — 02)(|u|2)xda:> -R (/ (x — ¢2) (|uz|2)m dx) + 2R (i/\co/ (x — cz)yﬂxdx) =0,
c1 c1 C1

using integration by parts in (2.37) and (2.33), we get

Cc2 C2 C2
(2.38) / |\u|?dz + a/ Jug [2dx + 2R <i)\00/ (x — @)yﬂﬂlm) =0.
C1 C1 C1
Using Young’s inequality in (2.38), we obtain
C2 Cc2 Cc2 C2
(2.39) / \uf2de +/ lua|2dz < |co|(ca — cl)/ Iy [dz + [col(cs — cl)/ a2
C1 C1 C1 C1

Inserting (2.34) in (2.39), we get

(240) (1 — |Co|(02 — Cl)) /02 (|Au|2 =+ |ux|2) dx < 0.

c1

According to (SSC3) and (2.34), we get

(2.41) u=y=0 in (c1,c2).

Step 3. Using the fact that u € H?(c1,c2) C CY([e1, ca]), we get

(2.42) u(er) = ug(c1) = yler) = yaler) = y(e2) = yu(c2) = 0.

Now, from (2.7), (2.8) and the definition of ¢, we get

AU+ g =0 in (cg, L), A2y 4+ Yue =0 in (0,¢1) U (ca, L),
{ u(c2) = ugz(ca) =0, and { y(c1) = yz(c1) = ylez) = ya(c2) = 0.
From the above systems and Holmgren uniqueness Theorem, we get
(2.43) u=0 in (c2,L) and y=0 in (0,c1)U (co,L).
Consequently, using (2.33), (2.41) and (2.43), we get U = 0. The proof is thus completed. O
Lemma 2.5. Assume that (SSC1) or (C2) or (SSC3) holds. Then, for all A € R, we have
R (M — A) = 1.
Proof. See Lemma 2.5 in [24] (see also [4]). O

Proof of Theorems 2.3. From Lemma 2.4, we obtain that the operator A has no pure imaginary eigenvalues
(i.e. op(A)NiR = (). Moreover, from Lemma 2.5 and with the help of the closed graph theorem of Banach,
we deduce that o(A) NiR = (). Therefore, according to Theorem A.2, we get that the Co-semigroup (e*4);>¢
is strongly stable. The proof is thus complete. (|




2.3. Polynomial Stability. In this subsection, we study the polynomial stability of system (1.1)-(1.4). Our
main result in this section are the following theorems.

Theorem 2.6. Assume that (SSC1) holds. Then, for all Uy € D(A), there exists a constant C' > 0 independent
of Uy such that

C
(2.44) E(t) < t—4||U0||2D(A), t>0.

Theorem 2.7. Assume that (SSC3) holds . Then, for all Uy € D(A) there exists a constant C' > 0 independent
of Uy such that

(2.45) E(t) < %HUOHQD(A), t>0.
According to Theorem A.3, the polynomial energy decays (2.44) and (2.45) hold if the following conditions
(Hy) iR C p(A)
and
) 1 , 1 ] % for Theorem 2.6,
(F2) Aelﬁ%r,n\i?goo W H(MI —A Hﬁ(H) < oo with £= { 2 for Theorem 2.7,

are satisfied. Since condition (H;) is already proved in Subsection 2.2. We still need to prove (Hy), let us prove it
by a contradiction argument. To this aim, suppose that (Hs) is false, then there exists { ()\n, U, = (Un, Un, Yn, zn)T) } C

n>1
R* x D(A) with

(2.46) An 2 o0asn— oo and ||Uyllyg =1, Vo > 1,

such that

(2.47) M) (iIAd — A) Uy = Fy i= (fims foums fam, fam) | — 0 in H, as n — oo.
For simplicity, we drop the index n. Equivalently, from (2.47), we have

(2.48) iu—v = % fi =0 in H}(0, L),

(2.49) iAv — (aug +buy), +cz = % fo— 0 in L?(0,L),

(2.50) iy —z = % f3— 0 in H}(0,L),

(2.51) iNe — (Yo +dzz)e —cv = % fa—0 in L*(0,L).

2.3.1. Proof of Theorem 2.6. In this subsection, we will prove Theorem 2.6 by checking the condition (Hs),
by finding a contradiction with (2.46) by showing ||U||% = o(1). For clarity, we divide the proof into several
Lemmas. By taking the inner product of (2.47) with U in H, we remark that

/OLb|vm|2 dz + /OL d|zpde = =R ((AU,U),,) = A"ZR ((F,U),,) = o ()\f%) '

Thus, from the definitions of b and d, we get

(2.52) /:2 v2|* dz = o ()\7%) and /:2 |2e|> dz = o (/\7%) .

1

Using (2.48), (2.50), (2.52), and the fact that fi, f3 — 0 in HJ(0, L), we get
bo 1 do 1

(2.53) / |ug|Pdr = M and / Yo |?dx = 0(5).
A2 A2

bl 2 dl

Lemma 2.8. The solution U € D(A) of system (2.48)-(2.51) satisfies the following estimations

b2 d2
(2.54) / lv|2dx = o(l) and / |z|2dx = @.
by dy A2
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Proof. We give the proof of the first estimation in (2.54), the second one can be done in a similar way.

this aim, we fix g € C* ([b1, ba]) such that

g(b2) = —g(b1) =1, max [g(z)] =my and max |¢'(z)|] = mgy.
z€[b1,b2] z€[b1,b2]

The proof is divided into several steps:
Step 1. The goal of this step is to prove that

1

3 b2 o
(2:55) [o(B1)* + [o(b2)|* < (% + zm’) / o] da + %

b1
From (2.48), we deduce that
(2.56) Uy = Mg — A2 (f1)a
Multiplying (2.56) by 2¢gv and integrating over (b1, b2), then taking the real part, we get

ba bo b2
/ g (|v|2)x dr =R <2i/\/ gugﬁd:r> —R (2)\% / g(fl)zﬁda:> .
by b1 b1

Using integration by parts in the left hand side of the above equation, we get
ba bo ) ba
(2.57) [w(b1)? + [v(b)]? = / g'|v|?de + R 22’)\/ gugvdr | —R [ 2272 / g(f1)zvdx | .
by by by
Using Young’s inequality, we obtain

Az|o|?

3 1 i
2 myg|ug|[v] < + 2/\2m!2]|um|2 and 2\ 2my|(f1)z||v| < mg’lvl2 +m_<21mg’l)‘ 1|(fl)w|2'

From the above inequalities, (2.57) becomes

A2 ba 5 ba m2 ba
(2.58) [v(b1) 2 + v(ba)]? < 5 +2my / wde +2X2m2 [ |ug[*dx + m—gxlf |(f1)e|?da.
by by g’ b1

Inserting (2.53) in (2.58) and the fact that fi; — 0 in H}(0, L), we get (2.55).
Step 2. The aim of this step is to prove that

AF b2
(2.59) (ot + bu)60) -+ (s + o) ) < 5 [ ofPdo -+ o(0).

b1

For

Multiplying (2.49) by —2g (aum + bvw), using integration by parts over (b1, bs2) and taking the real part, we get

ba
|(aug + bvg) (b1)]? + |(aug + bv,) (b2)|? = / g |aug + by |*da+

by

b2 b2
R <2i)\/ gv(au, + bvz)dx> — R <2)\% / gf2(au, + bvﬁd:z:) ,
bl bl

consequently, we get

b2
[(auz + buy) (b1)* + [(aus + bvy) (be)|* < my / la, + bug |2 da
(2.60) b o
—|—2)\mg/ [v||aug + bug|dx + 2mgA ™2 / | f2l|laus + bug|dx.
bl bl
By Young’s inequality, (2.52), and (2.53), we have

3

ba A5 b2 . ba
(2.61) 2)\mg/ [v||auy + bug|de < 5 / |v|2dx + 2m§)\§ / lat, + bug|*dx <
b1 bl | bl

3

A2

Inserting (2.61) in (2.60), then using (2.52), (2.53) and the fact that fo — 0 in L?(0, L), we get (2.59).

ba
/|v|2da:+o(1).
2 Jy,
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Step 3. The aim of this step is to prove the first estimation in (2.54). For this aim, multiplying (2.49) by
—iA717, integrating over (b1, be) and taking the real part , we get

ba ba . L, b
(2.62) / |v|2dx =R |ix! / (atg + bvy )Uydx — [i/\_l (aug + bvz)U] bj +IAT2 foudx | .

by by by

Using (2.52), (2.53), the fact that v is uniformly bounded in L?(0,L) and fo — 0 in L?(0,1), and Young’s
inequalities, we get

wle
=)
—~~
—_
~—

a [l(aug + bug)(b)[* + |(aus + bug) (b2)[*] +

b 1

2 /\ 2
(2.63) / oz < == [lo(bo) + o(B2) ] + = A
b1 ’

2
Inserting (2.55) and (2.59) in (2.63), we get

b2 b2
|v2de < 1 +mg A2 |v|2dx + o(l)
2 g 3
by by Az

which implies that

1 b2 1
(2.64) (— - mq,A%> / lv|2dx < 0(3).

2 ’ b1 A2
Using the fact that A\ — oo, we can take A > 4mf],. Then, we obtain the first estimation in (2.54). Similarly,
we can obtain the second estimation in (2.54). The proof has been completed. (]

Lemma 2.9. The solution U € D(A) of system (2.48)-(2.51) satisfies the following estimations

C1 L
(2.65) / (Jv]* + aluz|?) dz = o(1) and / (I2° + |yz|*) dz = o(1).
0 co
Proof. First, let h € C1([0,c1]) such that h(0) = h(c;) = 0. Multiplying (2.49) by 2a~'h(au, + bv,),
integrating over (0, ¢1), using integration by parts and taking the real part, then using (2.52) and the fact that
u is uniformly bounded in L?(0,L) and fo — 0 in L?(0, L), we get

C1 C1 1
(2.66) R (2i)\a1/ vh(aug + bvm)dx) + ail/ ' |auy + bv, [Pde = of )
0 0
From (2.48), we have
(2.67) iIMip = —Tp — A2 (f1)a-

Inserting (2.67) in (2.66), using integration by parts, then using (2.52), (2.54), and the fact that f; — 0 in
H}(0,L) and v is uniformly bounded in L?(0, L), we get

c1 c1 c1
/ B |v]2de +a™! / B |au, + bug |Pde = 2R (/\_% / vh(ﬁ)wdac)
0 0 0

1

(268) by (1) :0()\ 2)

0
+R <2i/\a1b0 / hvmdx> +==.
by A2
=o(1)
Now, we fix the following cut-off functions

1 in (O,bl), 1 in (bg,cl),
p1(x) := 0 in  (ba,c1), and po(z) := 0 in  (0,b1),
0<p1 <1 in (b1,b2), 0<pa<1 in (b1,be).

Finally, take h(z) = xp1 () + (z — ¢1)p2(x) in (2.68) and using (2.52), (2.53), (2.54), we get the first estimation
in (2.65). By using the same argument, we can obtain the second estimation in (2.65). The proof is thus
completed. (I

Lemma 2.10. The solution U € D(A) of system (2.48)-(2.51) satisfies the following estimations
(2.69) |Au(cr)] = o(1), |uz(cr)| = o(1), [Ay(co)| = o(1) and [y(c2)| = o(1).
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Proof. First, from (2.48) and (2.49), we deduce that

(270) AQU + AQUgyy = —f—? — ’LA%fl in (bg, Cl).

2

Multiplying (2.70) by 2(x — b2)u,, integrating over (ba,¢1) and taking the real part, then using the fact that
u, is uniformly bounded in L?(0,L) and fo — 0 in L?(0, L), we get

(2.71) / Nz = bo) (|ul?), dx + a/CI (x — ba) (Jua|?) do = —R (mé / (z — bg)flﬂwd:c) + o)

1
ba ba ba A2

Using integration by parts in (2.71), then using (2.65), and the fact that f; — 0 in H}(0, L) and \u is uniformly
bounded in L?(0, L), we get

(2.72) 0 < (c1 = b) (|Mu(er)® + alug(e1)]?) = R (2i/\%(c1 —b2)fi (cl)ﬂ(cl)) +o(1),

consequently, by using Young’s inequality, we get

M) + fus(e)? < 20| fufen)luten)] +of)
< ghule)l + 31 + o))
Then, we get
(273) S M)+ fualen)? < 2[fu(en)? + o).

Finally, from the above estimation and the fact that f; — 0 in H}(0, L), we get the first two estimations in
(2.69). By using the same argument, we can obtain the last two estimations in (2.69). The proof has been
completed. (I

Lemma 2.11. The solution U € D(A) of system (2.48)-(2.51) satisfies the following estimation

c2
(2.74) / |Mu|? 4 alug|® + | Ay|? + |yz|*dz = o(1).

c1
Proof. Inserting (2.48) and (2.50) in (2.49) and (2.51), we get

cof3

(2.75) —\2U — QUgy + iXcoy = )]\[—i + i/\%fl + 31 in (e1,c2),
2 2
2 , o fa coft .
(2.76) —A"Y — Ypz — tACQU = )\_; + A2 f3 — 31 in (e1,c2).
2 2

Multiplying (2.75) by 2(z — c2)uy and (2.76) by 2(z — ¢1)¥s, integrating over (c1, c2) and taking the real part,
then using the fact that ||F|l% = o(1) and |U||% = 1, we obtain

—\? /C2 (z —c2) (Juf?) do — a/C2 (z —c2) (|uxl?)  do+R <2i)\co /C2 (z — CQ)yU_xdx) —

(2.77) “ o o
1 [ _ o(1)
3‘%(21/\2/ (x—cz)fluzda:> + 1
and
[ M e (), o [ ) (el do - R (2000 [ - ey ) -
(2.78) “ “ “

R <2M% / (z — cl)fgy_zdx> + OA(U.

1
C1 2
Using integration by parts, (2.69), and the fact that f1, f3 — 0 in H§(0, L), [|ullr20,0) = OA™Y), |yl L200,0) =
O(A™1), we deduce that

(2.79) R (M% /02(1 - cz)flmdx) _ o) and R (M% /62(55 - cl)fgy_md:v> = 0(1).

1
C1 )\ 2 C1

12



Inserting (2.79) in (2.77) and (2.78), then using integration by parts and (2.69), we get

(2.80) /C2 (|\ul? + alug|?) dz + R (z’)\co /C2 (x — cz)yu_md:v> = o(1),

C1 C1

(2.81) / (IMy[* + [yz|?) do — R <i/\c0 / (z — cl)uy_zdx> = o(1).

C1 C1

Adding (2.80) and (2.81), we get

c2 C2 C2
/ (|/\u|2 + alug? + |My|? + |ym|2) dz R (2i)\co/ (x — cl)uy_mdx) —-R (2i)\co/ (x — Cg)yEdQC) +0o(1)
a

C1 C1

Cc2 ¢ Cc2
< 2)\|eol(eo —cl)/ |u||ym|dx+2)\| 2'(02 —cl)a%/ ly||uzldz + o(1).
C1 a4 C1

Applying Young’s inequalities, we get

(282)  (1—eol(ca — 1) /62(|Au|2 ©lyeP)de + <1 _ %m(@ _ 01)) / (alual? + PDyl?)dz < of1).

C1 C1

Finally, using (SSC1), we get the desired result. The proof has been completed. O

Lemma 2.12. The solution U € D(A) of system (2.48)-(2.51) satisfies the following estimations
L

(2.83) /001 (|2* + |y=|?) dz = o(1) and / (Jv]* + alus|?) dz = o(1).

c2

Proof. Using the same argument of Lemma 2.9, we obtain (2.83). O
Proof of Theorem 2.6. Using (2.53), Lemmas 2.8, 2.9, 2.11, 2.12, we get ||U||% = o(1), which contradicts
(2.46). Consequently, condition (H2) holds. This implies the energy decay estimation (2.44).

2.3.2. Proof of Theorem 2.7. In this subsection, we will prove Theorem 2.7 by checking the condition (Hs),
that is by finding a contradiction with (2.46) by showing ||U||3 = o(1). For clarity, we divide the proof into
several Lemmas. By taking the inner product of (2.47) with U in H, we remark that

L
/0 blog|*dz = —R ((AU,U),,) = AR ((F,U),,) = o(A7?).

Then,
ba
(2.84) / |vg|2dx = o(A72).
b1
Using (2.48) and (2.84), and the fact that f; — 0 in Hg(0, L), we get
ba
(2.85) / luz [Pdr = o(A™H).
b1

Lemma 2.13. Let 0 < ¢ < 255 the solution U € D(A) of the system (2.48)-(2.51) satisfies the following
estimation

bz*E
(2.86) / lv[2dz = o(A72).
bi+e
Proof. First, we fix a cut-off function #; € C([0,¢1]) such that
1 if IE(b1+€,b2—€),
(2.87) 01(x) = 0 if xe(0,b1)U (ba, L),
0<6;, <1 elsewhere.

Multiplying (2.49) by A=16,7, integrating over (0, c1), using integration by parts, and the fact that fo — 0 in
L?(0,L) and v is uniformly bounded in L?(0, L), we get

(2.88) z/ 01|v)?dx + %/ (ug + bv, ) (01T + 077)dx = o(A™3).
0 0
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Using (2.84) and the fact that |Ul|y = 1, we get

% / (g + o) (617 + 677)d = o(A~2).
0

Inserting the above estimation in (2.88), we get the desired result (2.86). The proof has been completed. [
Lemma 2.14. The solution U € D(A) of the system (2.48)-(2.51) satisfies the following estimation

(2.89) /061(|U|2 + [ue[*)dz = o(1).

Proof. Let h € C([0,c;]) such that h(0) = h(c1) = 0. Multiplying (2.49) by 2h(u, + bv,), integrating over
(0,¢1) and taking the real part, then using integration by parts and the fact that fo — 0 in L?(0, L), we get

c1 (&}
(2.90) R (2/ iAvh(u, + bvﬁdm) +/ W |ug + bug|2dz = o(A72).
0 0
Using (2.84) and the fact that v is uniformly bounded in L?(0, L), we get
c1 (&}
(2.91) R (2/ iAvh(ug + bvm)dx) = 2/ iAvhugdx + o(1).
0 0
From (2.48), we have
(),
Inserting (2.92) in (2.91), using integration by parts and the fact that f; — 0 in H(0, L), we get
c1 (&}
(2.93) R (2/ iAvh(ug + bvz)dx) = / B'|v)?dx + o(1).
0 0
Inserting (2.93) in (2.90), we obtain
c1
(2.94) / W (|v]? + |uz + bug|?) do = o(1).
0
Now, we fix the following cut-off functions
1 in (0,b1—|—€), 1 in (bQ—E,Cl),
Os(z) := 0 in (b2 —¢,c1), and 63(x) := 0 in (0,b1 +¢),
0<60:<1 in (by+e,by—e), 0<03<1 in (by+e,by—e).
Taking h(z) = x02(x) + (x — ¢1)05(z) in (2.94), then using (2.84) and (2.85), we get
(2.95) / |v|2dx +/ ug|?dz = o(1).
(0,b1+8)U(b2—8,01) (O;bl)u(bZ)cl)

Finally, from (2.85), (2.86) and (2.95), we get the desired result (2.89). The proof has been completed. O
Lemma 2.15. The solution U € D(A) of system (2.48)-(2.51) satisfies the following estimations

(2.96) [Au(cr)| =0(1) and |uz(c1)| = o(1),
(2.97) /02|/\u|2dx = /02|/\y|2dx+0(1).

Proof. First, using the same argument of Lemma 2.10, we claim (2.96). Inserting (2.48), (2.50) in (2.49) and
(2.51), we get

) . _ 2 A fs
(298) AU + (Uz + b’l)z)m - Z)\Cy = —p — 'LT - CF,
2 , _ Ja _ifs N
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Multiplying (2.98) and (2.99) by Ay and A\@ respectively, integrating over (0, L), then using integration by parts,
(2.84), and the fact that |Ul||y =1 and || F||% = o(1), we get

L L c2
(2.100) )\3/ uydr — )\/ UgYudT — ico/ |\y|?dx = o(1),
0 0 C1
L L co 0(1)
(2.101) )\3/ yuds — )\/ ymﬂwd:ﬂ—f—ico/ |\ulPde = =2
0 0 c1 A
Adding (2.100) and (2.101) and taking the imaginary parts, we get the desired result (2.97). The proof is thus
completed. (I
Lemma 2.16. The solution U € D(A) of system (2.48)-(2.51) satisfies the following asymptotic behavior
co Cc2 Cc2
(2.102) / |\ul?dz = o(1), / |\y|?dz = o(1) and / lug |2dx = o(1).
c1 c1 C1

Proof. First, Multiplying (2.98) by 2(x — ¢2)i,, integrating over (c1,c2) and taking the real part, using the
fact that ||U||lx =1 and ||F||% = o(1), we get

(2.103) 22 / (z — c2) (|uf?), dx + / (z — c2) (Jugl?) do =R (22’)\00 / (x — CQ)yumd:E> +o(1).

C1 C1 C1

Using integration by parts in (2.103) with the help of (2.96), we get

Cco c2 C2
(2.104) / | \u|?dz +/ lug |2dr < 2\ co(c2 — cl)/ |y||uz| + o(1).
c1 c1 C1
Applying Young’s inequality in (2.104), we get
c2 c2 c2 C2
(2.105) / | \ul?dz —i—/ Juz[2dz < |col(ca — 01)/ |uz|2dz + |col(ca — 01)/ |\y|2dz + o(1).
c1 c1 c1 C1

Using (2.97) in (2.105), we get

(2.106) (1= leol(ca — e1)) / (Il + usl?) do < o(1).

c1
Finally, from the above estimation, (SSC3) and (2.97), we get the desired result (2.102). The proof has been
completed. (I

Lemma 2.17. Let 0 < § < 5%, The solution U € D(A) of system (2.48)-(2.51) satisfies the following
estimations

02—5
(2.107) / Y| ?dz = o(1).
c1+0
Proof. First, we fix a cut-off function 6, € C*(]0, L]) such that
1 if x€(c149,c0-09),
(2.108) O4(z) := 0 if ze€(0,¢1)U (ca, L),
0<60,<1 elsewhere.
Multiplying (2.99) by 6,47, integrating over (0, L) and using integration by parts, we get
Cc2 L L C2 0(1)
(2.109) / 04| \y|*dx — / O04|y.|*dr — / 0y ydr + i/\co/ Oaugdr = SR
c1 0 0 c1
Using (2.102) and the definition of 64, we get
co L c2
(2.110) / 04| \y|*dx = o(1), / 0y yydr = o(A™1), i/\co/ Osugdr = o(A71).
C1 0 C1
Finally, Inserting (2.110) in (2.109), we get the desired result (2.111). The proof has been completed. O

Lemma 2.18. The solution U € D(A) of system (2.48)-(2.51) satisfies the following estimations

c1+e c1+e L L L L
(2.111) / |)\y|2dx,/ |yw|2d:v,/ |)\y|2dx,/ |yw|2d:v,/ |)\u|2dx,/ lug|2daz = o(1).
0 0 c2—¢ c2—€ c2 c2
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Proof. Let ¢ € C'([0, L)) such that ¢(0) = ¢(L) = 0. Multiplying (2.98) by 2q¥, integrating over (0, L), using
(2.102), and the fact that y, is uniformly bounded in L?(0, L) and || F||% = o(1), we get

L
(2.112) / q (|\y> + |yx|2) dzx = o(1).
0
Now, take q(z) = 205(x) + (x — L)fs(x) in (2.112), such that
1 in (0,¢1 +€), 1 in (ca — e, L),
O5(x) := 0 in (co — e, L), and 6s(x) 0 in (0,¢1 +€),
0<6:<1 in (c1+¢,c0—¢), 0<6,<1 in (c1+¢,c0—¢).

Then, we obtain the first four estimations in (2.111). Now, multiplying (2.98) by 2¢ (ux + bvz) integrating over
(0, L) and using the fact that u, is uniformly bounded in L?(0, L), we get

L
(2.113) / q ([Mul® + ug|*) dz = o(1).
0
By taking g(x) = (x — L)#7(x), such that
1 in  (co, L),
07(x) = 0 in  (0,c1),

0<6; <1 in (c1,c2),

we get the the last two estimations in (2.111). The proof has been completed. O
Proof of Theorem 2.7. Using (2.85), Lemmas 2.14, 2.16, 2.17 and 2.18, we get ||U|l% = o(1), which
contradicts (2.46). Consequently, condition (H2) holds. This implies the energy decay estimation (2.45)

3. INDIRECT STABILITY IN THE MULTI-DIMENSIONAL CASE

In this section, we study the well-posedness and the strong stability of system (1.5)-(1.8).

3.1. Well-posedness. In this subsection, we will establish the well-posedness of (1.5)-(1.8) by usinf semigroup
approach. The energy of system (1.5)-(1.8) is given by

1 L
(31) BO = [ (P + [FuP + I + [VyP) da,
0

Let (u,uy,y,y:) be a regular solution of (1.5)-(1.8). Multiplying (1.5) and (1.7) by u; and Tz respectively, then
using the boundary conditions (1.9), we get

(3.2) E'(t) = —/ b|Vuy|*da,
Q

using the definition of b, we get E'(¢) < 0. Thus, system (1.5)-(1.8) is dissipative in the sense that its energy
is non-increasing with respect to time t. Let us define the energy space H by

H = (HH(Q) x L*(Q))°.
The energy space H is equipped with the inner product defined by

(U,U1>H:/vv_1dx+/VuVu_ldw—i-/zz_ld:c—i—/Vy-dex,
Q Q Q Q

for all U = (u,v,y,2)" and Uy = (u1,v1,91,21)" in H. We define the unbounded linear operator Ay : D (Aqg) C
H — H by

D(Ag) = {U = (u,v,y,2)" € H; v,z € Hy(Q), div(u, +bv,) € L*(Q), Ay € L*(Q)}

and
v

A = | VUV ezl oy )T € D).
z

Ay + cv
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Q

FIGURE 4. Geometric description of the sets wp and w,

If U = (u,us,y,y:) is a regular solution of system (1.5)-(1.8), then we rewrite this system as the following first
order evolution equation

(3.3) U, =AU, U(0) = Uy,
where Uy = (ug,u1,y0,v1) € H. For all U = (u,v,y,2)" € D(Ay), we have
R(AU,U),, = —/ b|Vol2dr <0,
Q
which implies that A4, is dissipative. Now, similar to Proposition 2.1 in [7], we can prove that there exists a
unique solution U = (u,v,y, 2)" € D(Aq) of
—AU=F, VF = (f1, 1% % )T €A,
Then 0 € p(Ag) and Ay is an isomorphism and since p(Ag) is open in C (see Theorem 6.7 (Chapter III) in
[19]), we easily get R(A] — Aq) = H for a sufficiently small A > 0. This, together with the dissipativeness of Ag,
imply that D (Ay) is dense in A and that A4 is m-dissipative in H (see Theorems 4.5, 4.6 in [22]). According
to Lumer-Phillips theorem (see [22]), then the operator Ay generates a Cp-semigroup of contractions elAd in
‘H which gives the well-posedness of (3.3). Then, we have the following result:
Theorem 3.1. For all Uy € H, system (2.1) admits a unique weak solution
U(t) = iUy € CO(Ry, H).

Moreover, if Uy € D(A), then the system (2.1) admits a unique strong solution

U(t) = el € C°(Ry, D(Ag)) N CHRy, H).

3.2. Strong Stability. In this subsection, we will prove the strong stability of system (1.5)-(1.8). First, we
fix the following notations

QZQ—M_C, Flzawc—(?Q and Foz(?wc—Fl.
Let 79 € R? and m(x) = ¥ — 79 and suppose that (see Figure 4)
(GC) m-v<0 on TIy=(0w:)—Ti.
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The main result of this section is the following theorem

Theorem 3.2. Assume that (GC) holds and

: 1 1
(SSC) llelloo < mm{ ) d—1)Cp .o, } ’
2

Imllos + 45+ [lmfloc + 4

where Cp ., 15 the Poincarré constant on w.. Then, the Co—semigroup of contractions (etAd) is strongly stable
in H; i.e. for all Uy € H, the solution of (3.3) satisfies

3 tAq _
i [Tl =0

Proof. First, let us prove that
(3.4) ker(iA] — Agq) = {0}, VA € R.

Since 0 € p(Aqg), then we still need to show the result for A € R*. Suppose that there exists a real number
A#0and U = (u,v,y,2)" € D(Aqy), such that

AqU = iAU.
Equivalently, we have
(3.5) vo= i,
(3.6) div(Vu +bVo) —cz = ilv,
(3.7) z = i)y,
(3.8) Ay+cv = i)z

Next, a straightforward computation gives
0=R3EN,U)y = R(AU,U)y, = —/ b|Vu|?dz,
Q

consequently, we deduce that

(3.9) bVo=0 in @ and Vo=Vu=0 in w,.
Inserting (3.5) in (3.6), then using the definition of ¢, we get

(3.10) Au= -y in w.

From (3.9) we get Au = 0 in wp and from (3.10) and the fact that A # 0, we get
(3.11) u=0 in wp.

Now, inserting (3.5) in (3.6), then using (3.9), (3.11) and the definition of ¢, we get
312 e mch

Using Holmgren uniqueness theorem, we get

(3.13) u=0 in Q.

It follows that

(3.14) u= % =0 on I}.

Now, our aim is to show that v = y = 0 in w.. For this aim, inserting (3.5) and (3.7) in (3.6) and (3.8), then
using (3.9), we get the following system

(3.15) Nu+Au—idey = 0 inQ,

(3.16) My +Ay+ideuw = 0 inQ,

(3.17) v = 0 on dwe,

(3.18) y = 0 onTy,
ou

(3.19) 5, = 0 only
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Let us prove (3.4) by the following three steps:
Step 1. The aim of this step is to show that

(3.20) /c|u|2dx:/c|y|2dx.
Q Q

For this aim, multiplying (3.15) and (3.16) by § and @ respectively, integrating over {2 and using Green’s
formula, we get

(3.21) /\2/u§da:—/Vu~ngdx—i)\/c|y|2da: = 0,
Q Q Q

(3.22) )\Q/yﬁdx—/Vy-Vﬁdx+i)\/c|u|2d:17 = 0.
Q Q Q

Adding (3.21) and (3.22), then taking the imaginary part, we get (3.20).
Step 2. The aim of this step is to prove the following identity

(3.23) —d/w |/\u|2da:+(d—2)/w |Vu|2dx+/ro(m-u) Ou

c c

2
dl’ — 2R (z)\/ cy(m~Vﬂ)d:1:> = 0.

ov
For this aim, multiplying (3.15) by 2(m - Vi), integrating over w. and taking the real part, we get

(3.24) 2R (/\2 /w u(m - Vu)dw) + 2R ( 5 Au(m - Vu)d:v) — 2R (i/\ /w cy(m - Vu)d:v) =0.

Now, using the fact that © = 0 in Jw., we get

(3.25) R (2/\2/w u(m~Vﬁ)dx) = —d/w \ul2dz.

c

Using Green’s formula, we obtain

2§R< wcAu(m-Vﬂ)da:) = —2R </%VU~V(m~Vﬂ)dI> + 2R </ro %(m-Vﬂ)dP)
= (d—2)/wc|Vu|2dx—/awc(m-y)|Vu|2dx+23?< FO%(m-Vﬁ)dP)

"0 and 3‘%</F0%(m-Vﬁ)dF>—/Fo(m-u)

2
dr.

(3.26)

Using (3.17) and (3.19), we get
2

Ou dr.

ov

ou

ov

(3.27) /awc(m-u)|Vu|2d:17—/ (m-v)

T'o

Inserting (3.27) in (3.26), we get

(3.28) 2%( . Au(m-Vu)dw) = (d—2) /wc|Vu|2d:v+/F0(m-u) ‘;“

v

Inserting (3.25) and (3.28) in (3.24), we get (3.23).

Step 3. In this step, we prove (3.4). Multiplying (3.15) by (d — 1), integrating over w. and using (3.17), we
get,

(3.29) (d— 1)/w |\ul*dz + (1 —d)/w |Vul?dz — R (i/\(d— 1)/w cyada:> =0.

c c
We

2
dl’ — 2R (z)\/ cy (m - Va) da:> - R <i/\(d - 1)/ cyﬁdz) =0.
Using (GC), we get

(3.30) |)\u|2d:v+/ |Vu|2d:v§2|)\|/ |c||y||m-Vu|d:v+|/\|(d—1)/ el |yl ulde

Adding (3.23) and (3.29), we get
ou

|\u|?dz + wc|Vu|2d:1:_/F0(m.V) 5
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Using Young’s inequality and (3.20), we get

(3.31) 2 [ fellm Fulde < pmllcllle [ (Bal? + 9P da
and
332 W@ [ e(a)lolufaz < =00 / uftd + = e [ 1vuas

Inserting (3.32) in (3.30), we get

d—1 d—1)Cpe,
(1= e (Il 57 )) [ Dt (1= el (Il + S5 ) ) [ 9 <.

Using (SSC) and (3.20) in the above estimation, we get
(3.33) u=0 and y=0 in we.

In order to complete this proof, we need to show that y = 0 in Q. For this aim, using the definition of the
function c¢ in © and using the fact that y = 0 in w., we get

My+Ay = 0 in Q,
(3.34) y = 0 on 09,
0
a—z = 0 on Fl.

Now, using Holmgren uniqueness theorem, we obtain y = 0 in Q and consequently (3.4) holds true. Moreover,
similar to Lemma 2.5 in [7], we can prove R(IAI — Ay) = H, VA € R. Finally, by using the closed graph
theorem of Banach and Theorem A.2, we conclude the proof of this Theorem. O

Let us notice that, under the sole assumptions (GC) and (SSC), the polynomial stability of system (1.5)-(1.8)
is an open problem.

APPENDIX A. SOME NOTIONS AND STABILITY THEOREMS

In order to make this paper more self-contained, we recall in this short appendix some notions and stability
results used in this work.

Definition A.1. Assume that A is the generator of Cy—semigroup of contractions (etA) on a Hilbert space
H. The Co—semigroup (e'),_ is said to be

>0
(1) Strongly stable if

t>0

lim
t— oo
(2) Exponentially (or uniformly) stable if there exists two positive constants M and e such that
lezollg < Me||zol|zr, Vit >0, Vao € H.
(3) Polynomially stable if there exists two positive constants C' and « such that

HetA,ToHH < Ct_a”A,ToHH, Vit>0, Vg € D(A)

le"aollg =0, Vao € H.

d

To show the strong stability of the Cp-semigroup (etA) >0 We rely on the following result due to Arendt-Batty
[9]. B

on a Hilbert space

Theorem A.2. Assume that A is the generator of a Cy—semigroup of contractions (etA)

>0
H. If A has no pure imaginary eigenvalues and o (A) N 4R is countable, where o (A) denotes the spectrum of

A, then the Cy-semigroup (etA)t>0 is strongly stable. O

Concerning the characterization of polynomial stability stability of a Cy—semigroup of contraction (etA) >0 e

rely on the following result due to Borichev and Tomilov [12] (see also [11] and [21])
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Theorem A.3. Assume that A is the generator of a strongly continuous semigroup of contractions (e

tA)tZO

on H. If iR C p(A), then for a fixed £ > 0 the following conditions are equivalent

(A1) Aé%@&tg@ ﬁ [|(iAT — A)leL(H) < 00,
(A.2) U3, < t%HUOH%(A), vt >0, Ug € D(A), for some C > 0.
O
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